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ABSTRACT. We introduce and study some basic properties of rough
I —statistical convergent of weight g (A4), where g : N* — [0, 00) is a func-
tion statisying g (m,n, k) — oo and g (m,n,k) /4 0 as m,n,k — co and A
represent the RH-regular matrix and also prove the Korovkin approxima-
tion theorem by using the notion of weighted A-statistical convergence of
weight g (A) limits of a triple sequence of Bernstein-Stancu polynomials.
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1. INTRODUCTION

The idea of rough convergence was first introduced by Phu [13, 14, 15] in finite
dimensional normed spaces,showed that the set LI, is bounded, closed, convex and
introduced the notion of rough Cauchy sequence also investigated the relations be-
tween rough convergence and other convergence types and the dependence of LIM
on the roughness of degree r. Pal et al. [12] extended the notion of rough conver-
gence using the concept of ideals which automatically extends the earlier notions of
rough convergence and rough statistical convergence.

Aytar [1] studied of rough statistical convergence and defined the set of rough
statistical limit points of a sequence and obtained to statistical convergence criteria
associated with this set and prove that this set is closed and convex. Also, Aytar
[2] studied that the r—limit set of the sequence is equal to intersection of these sets
and that r—core of the sequence is equal to the union of these sets. Diindar and
Cakan [9] investigated of rough ideal convergence and defined the set of rough ideal
limit points of a sequence. The notion of I—convergence of a triple sequence which
is based on the structure of the ideal I of subsets of N x N x N, where N is the set
of all natural numbers, is a natural generalization of the notion of convergence and
statistical convergence and also Zhan et al. [10, 11, 19, 20, 21] studied various rough
sets.

Our primary interest in the present paper is to obtain a general Korovkin-type ap-
proximation theorem for triple sequences of positive linear operators of two variables
from H, (K) to Cy, (K) via statistical A-summability.
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Let A be any three dimensional matrix. For a given triple sequence = = (Znk),
the A—transform of z, denoted by Ax := ((Ax)ije), given by

(1.1) (A); ;0= D GijtmnkTmnk

(m,n,k)EN3

provided the triple series converges in Pringsheim’s sense for every (i, j, £) € N3.

A three dimensional matrix A = (a; j ¢,m,n,k) is said to be RH-regular it maps
every bounded P—convergent sequence into a P—convergent sequence with the same
P—limit. Any three dimensional matrix A = (a; j.¢,mn k) is RH-regular if and only

if
i)
ii)

(i) P —lim; ; a; j.¢,mnk = 0 for each (m,n, k) € N3,
(i) P —Hmgje 3 pyens Gigilimon,k = 1,
(iii) P —limy ¢ Y, cn @ijt,mon,k = 0 for each n, k € N,
(iv) P —lim; ¢ >, cn @i je,mnke = 0 for each m, k € N,
(v) P —1limg ¢ e @ije,mnk = 0 for each m,n € N,
(V) 2= (. mpyene [@ig,emn k] is P—convergent for every (i, j, £) € N%,

(vii) there exist finite positive integers A and B such that >, oo 5 [@ijemnk| <
A holds for every (i, j,£) € N3.

Now let A = (@i j¢,m,nk) be a non-negative RH-regular matrix, and K C N3.
Then the A—density of K is given by
03 {K} := P —lim Z @i jtmonk

3,4
(m,n,k)eK (e)

where

K (€) = {(m,n,k) € N>t |k — L| > €}
provided that the limit on the right-hand side exists in Pringsheim’s sense. A real
triple sequence & = (Zyng) is said to be A—statistically convergent to a number L
if, for every € > 0,

55 {(m,n, k) € N> : |zpnr — L| > €} = 0.

In this case, we write st‘24 —limy, px = L.
Let K be a subset of the set of N x N x N and let us denote the set K;ip, =
{(m,n,k) € K :m <i,n<jk </} Then the natural density of K is given by

Ko
5= tim Kl
i,jb—o0  ijL
where |K;;¢| denotes the number of elements in K.

Throughout the paper, R? denotes the real three dimensional space with metric
(X, d). Consider a triple sequence space = (Zymnk) such that z,,,, € R3, m,n, k €
N.

A triple sequence space = (Zymnk) is said to be statistically convergent to 0 =
(0,0,0) € R?, written as st — limz = 0, provided that the set

{(m,n, k) € N> ¢ |zpni| > €}

has natural density zero for any € > 0. In this case, 0 is called the statistical limit
of the triple sequence of .
2



A. Esi et al./Ann. Fuzzy Math. Inform. x (201y), No. x, xx—xx

If a triple sequence is statistically convergent, then for every ¢ > 0, infinitely
many terms of the sequence may remain outside the e— neighbourhood of the sta-
tistical limit, provided that the natural density of the set consisting of the indices
of these terms is zero. This is an important property that distinguishes statistical
convergence from ordinary convergence. Because the natural density of a finite set is
zero, we can say that every ordinary convergent sequence is statistically convergent.

If a triple sequence & = (Zmmnk) satisfies some property P for all m,n, k except a
set of natural density zero, then we say that the triple sequence space x satisfies P
for ”almost all (m,n,k)” and we abbreviate this by ”a.a. (m,n,k)”.

Let (xmmjk[) be a subsequence of © = (Z,nk). If the natural density of the set
K = {(minjke) € N3 : (i,j,0) € N*} is different from zero, then (@m,n,k,) is called
a non-thin sub sequence of a triple sequence of x.

c € R3 is called a statistical cluster point of a triple sequence space = (Tmnk)
provided that the natural density of the set

{(m,n, k) € N> |z — | < €}

is different from zero for every € > 0. We denote the set of all statistical cluster
points of the subsequence x by T',.

A triple sequence x = (Znk) is said to be statistically analytic if there exists a
positive number M such that

) ({(m,n,k) e N3 |a:mnk|1/m+"+k > M}) =0.

First applied the concept of (p, ¢)—calculus in approximation theory and introduced
the (p,q)—analogue of Bernstein operators. Later, based on (p,q)—integers, some
approximation results for Bernstein-Stancu, Bernstein- Kantorovich, (p, ¢)—Lorentz,
Bleimann-Butzer, Hahn operators and Bernstein-Shurer operators etc.

Motivated by the above mentioned work on (p, ¢)—approximation and its applica-
tion, in this paper we study statistical approximation properties of Bernstein-Stancu
operators based on (p, ¢)—integers.

Now we recall some basic definitions about (p, ¢)—integers. For any u, v, w € N3,
the (p, ¢)—integer [uvw], 4 is defined by

UVW Uvw

[0]p.q :=0 and [uvw]p 4 = P79 g u,v,w > 1,
p—q

where 0 < ¢ < p < 1. The (p, q)—factorial is defined by
[0]p.q! := 1 and [uvw]!y ¢ = [Lp.[2)p.q [wvW]p ¢ if w,v,w > 1 and u, v, w,m,n, k € N.

Also the (p, g)—binomial coefficient is defined by

NN A [).q [0]!p.q
() (#) (’“) Tl [~ mllyg [l [0 — 1]l [Flpg [0 — K]lpg

for all w,v,w,m,n,k € Nand u >m, v >n, w > k.
3
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The formula for (p, ¢)—binomial expansion is as follows:

)UUU}

(azx + by

(u=m)(u—m—1D+(w—n)(v—n—1)+(w—k)(w—k—1) m(m—1)+n(n—1)+k(k—1)
-y Y : q g

m=0n=0 k=0

(#L) (;)l) <ll;)) a(ufm)+(v7n)+(w7k) bm+n+kx(u7m)+(v7n)+(w7k)mernJrk’
b,q

@+y,o" =@+y pr+qy) P*r+q%y)- - -(p(HHH)H“H)x+q(“*1”(’“1”(“”)y) :

(1 x)uvw (1 $) (p qa:) (p qu)_ . <p(u—1)+(v—1)+(w—1) _q(u—1)+(1z—1)+(w—1)x) ,

and

( )mnk

— _ _ m(m—1)+n(n—1)+k(k—1)
o)™ = o (pa) (pzx)...(pw D)+ (w %) —p 2 '

The Bernstein operator of order (r, s,t) is given by

1= 33555 () (3) 3) (B s

m=0n=0 k=0

where f is a continuous (real or complex valued) function defined on [0, 1].
The (p, ¢)—Bernstein operators are defined as follows:

Brstpq (f7l')

t
m(m—1)4+n(n—1)+k(k—1) m4n+k
ey X300 () (1) () e
p
)

m=0n=0 k=0
1

(r—m-—1) (s—n— (t—k-1)
I[I o2 [T @=-q=0) [ 0" -q=2)
u1=0 u2=0 uz=0

[ml, ¢ 0], 4 (K],
f ( (m—r)+(n—s)+(k—t) [r]p,q [S}p,q [t]p,q n N) , x €[0,1]

Also, we have

mt Z Z Z m+n+k (T—m,)(r—m,—1)+(s—n)és—n—1)+(t—k)(t—k—1)
P:q

m=0n=0 k=0

m(m—1)+n(n—1)+k(k—1) [/ r s t
() q ; () (#) <k) ek

4




A. Esi et al./Ann. Fuzzy Math. Inform. x (201y), No. x, xx—xx

(p, ) —Bernstein Stancu operators are defined as follows:

Srst,P’q (fa il')

t
1 r s t m(m—1)4n(n—1)+k(k—1)
= § § § m4n+k
- r(r—1)+s(s—1)+t(t—1) <m> (n) k p 2 T
p 6 m =0

=0n=0k=0
(**)

(r—m-—1) (s—n—1) (t—k—1)
[T o =gu2) II 0= -a=22) ] 0" -q“2)
u1=0 u2=0 u3=0

pr—mIH IR ] ][], 4
! ( [Fpq [8]pq [t q + 1 ,ze[0,1]

Note that for m = n = 0, (p,q) —Bernstein-Stancu operators given by (*) reduce
into (p,q) —Bernstein-Stancu operators. Also for p = 1, (p, ¢q) —Bernstein-Stancu
operators given by (**) turn out to be ¢g—Bernstein-Stancu operators.

Throughout the paper, R denotes the real numbers with metric (X,d). Con-
sider a triple sequence of Bernstein-Stancu polynomials (By,nk (f,x)) such that
(ank (f7 l’)) € Rv m,n, k € N

Let f be a continuous function defined on the closed interval [0,1]. A triple
sequence of Bernstein-Stancu polynomials (Sys.pq (f,)) is said to be statistically
convergent to 0 € R, written as st — lim x = 0, provided that the set

KE = {(m,n, k) S N3 : |S7'st,p,q (fa x) - (f7 x)‘ 2 6}

has natural density zero for any € > 0. In this case, 0 is called the statistical limit
of the triple sequence of Bernstein-Stancu polynomials. i.e., § (K.) = 0. That is,

1
i —_— < < <j: — > = 0.
rsltn—{loo pq] |{m —pan_qvk =7 |Srst,p,q (f"r) (f,l‘)‘ — €}| 0

In this case, we write § — lim Sy.s .4 (f, %) = (f, ) OF Srstpq (fr2) =55 (f, 2).

The theory of statistical convergence has been discussed in trigonometric series,
summability theory, measure theory, turnpike theory, approximation theory, fuzzy
set theory and so on.

In this paper, we introduce the notion of Bernstein stancu polynomials of rough
A—statistically p—Cauchy convergence. Defining the set of Bernstein-Stancu poly-
nomials of rough A—statistical limit points of a sequence, we obtain A— statistical
convergence criteria associated with this set of rough A—statistically p—Cauchy se-
quence.

A triple sequence (real or complex) can be defined as a function x : N3 — R (C),
where N, R and C denote the set of natural numbers, real numbers and complex
numbers respectively. The different types of notions of triple sequence was intro-
duced and investigated initially by Sahiner et al. [16, 17], Esi et al. [3, 4, 5, 6], Dutta
et al. [7], Subramanian et al. [18], Debnath et al. [3] and many others. Throughout
the paper let 7 be a nonnegative real number.

5
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2. DEFINITIONS AND PRELIMINARIES

Throughout the paper R? denotes the real three dimensional case with the metric.
Consider a triple sequence * = (Znr) such that z,,x € R®, m,n,k € N. The
following definition are obtained:

Definition 2.1. Let f be a continuous function defined on the closed interval [0, 1].
A triple sequence of Bernstein-Stancu polynomials (Sys p,q (f,)) is said to be sta-
tistically convergent to f (z) denoted by (S,stpq (f, 7)) —5¢7me f(z), if for any
€ > 0 we have d (A (¢)) = 0, where

A(e) = {(m,n,k) € N 2 [(Sratpq (f,2)) = f ()] > €} -

Definition 2.2. Let f be a continuous function defined on the closed interval
[0,1]. A triple sequence of Bernstein-Stancu polynomials (Syst,p.q (f,x)) is said to be
statistically convergent to f (z) denoted by (Systpq (f,x)) =710 f (z), provided
that the set
{(m k) € N |(Sratpg (F.0) = T (@)] 2 ).

has natural density zero for every € > 0.

In this case, f (x) is called the statistical limit of the sequence of Berstein-Stancu
polynomials.

Definition 2.3. Let f be a continuous function defined on the closed interval [0, 1]
and r be a non-negative real number. A triple sequence of Bernstein-Stancu polyno-
mials (Srstp,q (f,2)) in a metric space (X, |.,.]) is said to be r—convergent to f (z),
denoted by (Systp.q (f,2)) =" f(z), if for any € > 0 there exists N. € N such that
for all m,n,k > N, we have

[(Srstpq (fs2)) = f (@) <7 +e
In this case, (Srst,p,q (f,x)) is called an r—limit of f (z).

Remark 2.4. We consider r—limit set (Systpq(f,2)) which is denoted by

LIM(TSTS,,,,,,q(f,z)) and is defined by

LIM(s, ., , (500 = {(Srstpa (f;2)) € X2 (Spstpq (f;2)) =7 [ ()}

Definition 2.5. Let f be a continuous function defined on the closed interval
[0,1]. A triple sequence of Bernstein-Stancu polynomials (Systp.q (f,)) is said to
be r—convergent, if LIM("S”W&(LI)) # ¢ and r is called a rough convergence degree
of (Spstpq (f,2)). If r = 0, then it is ordinary convergence of triple sequence of
Bernstein-Stancu polynomials.

Definition 2.6. Let f be a continuous function defined on the closed interval
[0,1] and 7 be a non-negative real number. A triple sequence of Bernstein-Stancu
polynomials (Systp.q (f,2)) in a metric space (X, |.,.|) is said to be r—statistically
convergent to f (), denoted by (Systpq (f,2)) =75 f(x), if for any € > 0, we
have d (A (¢)) = 0, where

A(e) = {(m.n,k) €N’ Sy q (i) = f (@) 27 + ¢}

In this case, f(x) is called r— statistical limit of B f (2). If r = 0, then it is
ordinary statistical convergent of triple sequence of Bernstein polynomials.
6
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Definition 2.7. A class I of subsets of a nonempty set X is said to be an ideal in
X, provided that

i) gpel,

(ii) A,B € I implies AU B € I,

(iii) A € I, B C A implies B € I,

I is called a nontrivial ideal if X ¢ I.

Definition 2.8. A nonempty class F' of subsets of a nonempty set X is said to be
a filter in X, provided that

()peF,

(ii) A, B € F implies A(\B € F,

(iii) A € F, A C B implies B € F.

Definition 2.9. [ is a non trivial ideal in X # ¢, then the class
F(I)={MCX:M=X — Aforsome A€}
is a filter on X and it is called the filter associated with I.

Definition 2.10. A non trivial ideal I in X is called admissible, if {z} € I for each
e X.

Note 2.11. If I is an admissible ideal, then usual convergence in X implies I
convergence in X.

Remark 2.12. If [ is an admissible ideal, then usual rough convergence implies
rough I— convergence.

Definition 2.13. Let f be a continuous function defined on the closed interval
[0,1] and 7 be a non-negative real number. A triple sequence of Bernstein-Stancu
polynomials (Sysip.q (f,2)) in a metric space (X,|.,.]) is said to be rough ideal
convergent of weight g or rIy—convergent to f (), denoted by Syetpq =X f (),
if for any € > 0 we have

. 1
{(p7Qa.]) eN?: m

In this case (Spstpq (f,2)) is called rIy—limit of (f,z) and a triple sequence of
Bernstein-Stancu polynomials (Sys;.p.¢ (f,2)) is called rough Iy—convergent weight
g to f (x) with r as roughness of degree. If r = 0 then it is ordinary Iy—convergent
of weight g.

|&m%ﬂﬁxw—f@ﬂzr+e}eL

Note 2.14. Let [ be a continuous function defined on the closed interval [0,1]. A
triple sequence of Bernstein-Stancu polynomials (Srst p.q (f,x)) is not Ix—convergent
of weight g in usual sense and |Systp.q (f, %) — Srstp.q (f,y)| < 7 for all (m,n, k) €
N3 or
{vaper:
P "9 (Apgj)

for some r > 0. Then the triple sequence of Bernstein-Stancu polynomials
(Srstp,q (f,)) is 71§ —convergent of weight g.

|&mﬂAﬁxy—&ﬁ@Aﬁynzr}eL

Note 2.15. It is clear that rI{—limit of f (x) is not necessarily unique.
7
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Definition 2.16. Consider r/{— limit set of f (), which is denoted by

I~ LIMS = { F(2) € Xt Sparpg (frx) =5 f (x)} .

Then the triple sequence of Bernstein-Stancu polynomials (Sys; .4 (f, %)) is said to
be rI)—convergent of weight g, if I{ — LIMY ) # ¢ and r is called a rough

rst,p,'J( )
Iy—convergence of weight g degree of Sys;p 4 (f,

Definition 2.17. Let f be a continuous function defined on the closed interval [0, 1].
A triple sequence of Bernstein-Stancu polynomials (Sysp.4 (f, %)) in a metric space
(X,d). A point f(x) € X is said to be an I{—accumulation point ,if for each € > 0,
the set

@n%ﬁeNﬁd«&m@Aﬁmxfu» !

9 (Apgs)

A point f(z) € X is said to be I{— analytic, if there exists a positive real number
M such that

. 1 )
{(I% q,j) €N’ m |Srst.p.q (f5 x)\l/m+n+k > M} cl
rq)

I&ﬁﬁdﬁx)f@N<e}¢L

Definition 2.18. A point f (z) € X is said to be an I{—accumulation point and
Let f be a continuous function defined on the closed interval [0, 1]. A triple sequence
of Bernstein-Stancu polynomials (Sys¢ p,q (f,2)) in a metric space (X, d) if and only
if for each € > 0 the set

; 3. T xzil x)— f(x € .
{00 €4St (1.2 1 @) = 5 St o) = F @] < e} £

We denote the set of all I§ —accumulation points of (Syst,p.q (f,2)) by I (Us,., , . (f.2))-

Definition 2.19. Let f be a continuous function defined on the closed interval
[0,1]. For a triple sequence of Bernstein-Stancu polynomials (S, p.q (f,x)) of real
numbers, the notions of ideal limit superior and ideal limit inferior are defined as
follows:

sup By, if Bg,, . (f.2) # ¢

I{ —limsup Syst,p,q (f, ) = { o if By ) =
’ rst,p,q(J,T

and
.. inf Ag if A =0
79 1 £(S,, _ ML Ag, ¢ pq(fz)s ) Srst,p,q(fsx) )
{ — liminf (Sysp,q (f, 7)) { 100, if A, (fe)=®
where
AST”,I,,(I(ﬁw) {(Z ceR: { m,n k) S N Srgtpq f, < a} §é I}
and

Bs,.o gy ={bER: {(m,n,k) EN?: Sy (f2) > b} ¢ 1}

Definition 2.20. Let f be a continuous function defined on the closed interval

[0,1]. A triple sequence of Bernstein-Stancu polynomials (Sys¢p.q (f,)) is said to

be rough I,—convergent of weight g, if I{ — LIM" S, .4 (f, %) # ¢. It is clear that
8
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if If — LIM" Syst p,q (f, @) # ¢ for a triple sequence of Bernstein-Stancu polynomials
(Srst.p.q (f,)) of real numbers, then we have

I{—LIM" Syt p.q(f, x)=[I{ —limsup Syst p o (f, 2) —r, I{ —liminf Sy p o (f, 2)+7] .

Remark 2.21. Let A = ()\qu)(qu)ENS be a non-decreasing sequence of positive
numbers tending to co such that

Apai)+1 < Apgs + 1, A1 = 1.

The collection of such sequences A will be denoted by 1. We define the generalized
de la Valée-Pousin mean of weight g by
1
tpqi () =
e 9 (Apgs)

Tmnk-
(m,n,k)EIlpq;

where 1.0 = [(pqj) — Apgj+1, Paj]-
Let 7 = (rmnk) be a triple sequence of nonnegative numbers such that ropg > 0
and

D,q,]
(2.1) Upgj = Z Umnk — 0O.
m,n,k
1 1 .
tpg; (:C) AN Z UpqjTmnks Dy > J = 0,1,2,. ..

9 Nwaj) Upaj (G,
where 1,5t = [(pqj) — Apgj+1,P4aj]-

Definition 2.22. Let f be a continuous function defined on the closed interval
[0,1]. A triple sequence of Bernstein-Stancu polynomials (Sys¢ p.q (f, %)) is said to
be [V, ] (I)? — summable to f (), if

I - hm tqu (Srst,p,q (fa 1')) — f (.’E) .
Pqy

i.e., for any § > 0,

{(p,4.7) € N? ¢ [tyq; (Srstipg (f,2)) = f(2)| 26} €1
and it is denoted by [V, A] (1)”.

Definition 2.23. Let f be a continuous function defined on the closed interval
[0,1]. A triple sequence of Bernstein-Stancu polynomials (Syst 4 (f,2)) is said to
be Iy —statistically convergent of weight g, if for every ¢ > 0 and § > 0,

{000 (1) Ly Sl )= () 2+ 2 €

In this case, we write (1,)?—lm Syst p.q (f,2) = f (). Or Spstpq (fr2) = f () (1n)7.

Definition 2.24. Let f be a continuous function defined on the closed interval
[0,1]. A triple sequence of Bernstein-Stancu polynomials (S, p.q (f, %)) is said to
be I\ —statistically convergent of weight g, if for every € > 0,

, 1 1
lim ——————[{(m,n, k) € Lpg; : |(Srstpq (f,7)) = [ (2)| =7 +e}| €1
a7 g (Apgj) Upqj

In this case, we write (I))'Y —lim Syst 4 (f, @) = f (@) or Spstp.q (f,2) = f(x) (I))V.
9
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Remark 2.25. If u,g; = 1 for all m,n,k, then (N,uqu) —summable is reduced
to [C, 1,1, 1] —summable or Ceséro summable and statistically convergent of weight
g is reduced to statistical convergence of Bernstein-Stancu polynomials of triple
sequence.

3. A KOROVKIN-TYPE APPROXIMATION THEOREM BY ¢ (A) —STATISTICAL
CONVERENCE

Let Cp (K) the space of all continuous and bounded real valued functions on
K =10,00) x [0,00) x [0,00). This space is equipped with the supremum norm

Hf” = sup STSt7P7q|f7 (xayﬂz)" (f€ Cs (K))
(z,y,2)eK
Consider the triple space of H,, (K) of all real valued functions of Bernstein-Stancu
polynomials of f on K satisfying

|Srst,pq (fs (W, 0,w)) = Spstp.g (f, (2,9, 2))]
v Y
< —_
=W ( ’ ‘ 1+v 1+y
where w be a function of the type of the modulus of continuity given by, for
67 517 527 53 > 07
(1) w is non-negative increasing function on K with respect to 41, da, d3,
(2) w (6,01 + 02 + 03) < w (4,1) +w (d,62) +w (,03) ,
(3) w (8 + 02 + 03,8) < w(81,0) +w (83, 8) +w (35, 0) .
(4) lim51,52,53_>0 w ((517 (52, 53) = 0
The Bernstein-Stancu polynomials of S5t p, ¢ (f) € Hy (K) satisfies the inequality

Srst,;mq |<f7 (33’% Z))‘ < Srst,nq <f7 (0, 0, 0)) +w (L 1, 1) T, Y,2 20

and hence it is bounded on K.Therefore H,, (K) C Cp (K).
We also use the following Bernstein-Stancu polynomials of test functions

u T
1+u 142

w z
l1+w 14z

)

u

Srst,p,q (fOOOa (ua v, w)) = 17 Srst,p,q (f1117 (Ua v, w)) = 1
v w
ma Srst,p.q (f333, (U, v, w))

2 2 2
u v w
Snapatfun ) = (75) + (75) +(755) -

Definition 3.1. Let f be a continuous function defined on the closed interval [0, 1]
and A = (@i j¢,mnk) be a nonnegative RH-regular matrix. A triple sequence of
Bernstein-Stancu polynomials (Systp. (f, ) is said to be Iy— statistically conver-
gent of weight g, if for every € > 0,

3.1 li i,5,6,m,mn,k — Y,
(3.1) lim Y ijemmk =0
(m,n,k)EE(u,e€)
10

)

_|_

1+w

Srst,p,q (f2227 (u7 v, w)) =

and
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1 1

9 (Apgj) Upqj

E(’U/,G):{(p,q’j)ENS: |{(m77’l,]{5>61qu:
|Srstp.g (f;2) = f(z)| > 7 +e}]} €1

In this case, we write (1))%" —lim Syst p.q (f,2) = f () Or Srstp.q (fr2) = f(z) (L)

4. MAIN RESULTS

Theorem 4.1. Let f be a continuous function defined on the closed interval [0,1]. A

triple sequence of Bernstein-Stancu polynomials of real numbers of (Systp.q (f, %)) :
[0,1] = [0,1]

(4.1) (LS = lim [Syat g (F.7) — f ()] = 0

if and only if

(4.2) (In)?Y = 1lim | Syt p.q (v',2) — f (2")] =0, for0 <i <8.
Proof. Following the proof of Theorem, we obtain

(4.3) ECE, CEiq,for1 < i<8

and then

8
(1) (B) € Y 8 (1) (Ey).
i=1
Equations (4.2) gives that (1)~ — lUm |Syst .4 (f,2) — f (x)] = 0. O

Theorem 4.2. Let f be a continuous function defined on the closed interval [0,1]. A
triple sequence of Bernstein-Stancu polynomials of real numbers of (Sysip.q (f,2)) :
[0,1] — [0, 1] which satisfies (4.1) to (4.3) of Theorem 4.1 and the following condition
holds:

(4.4) (I0)%Y —lim | Syt pq (L) — 1| =0
Then,
1 1 D,4q,J
(4.5) lim ————— " i {|Sratpq (i) = f (@) =7+ e} €T

pai g (Apgj) Upgj m,n,k=0

Proof. It follows (4.4) that |Systpq (1,2)] < C’, for some constant C' > 0 and for
all m,n, k € N. Then we obtain

Uk {[Srstp,g (f,2) = [ (@)} < wmnk (| (@)] [Srst p,q (1, 2)] + [ (2)])
(4.6) < € (€ +1)

In right hand side of (4.6) is constant. Thus we get
(I)\)QN —lim |Srst,p,q (f7 :17) - f (SC)| =0.

11
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5. STATISTICAL A—SUMMABILITY

In this section we define statistical A-summability of a triple sequence of Bernstein-
Stancu polynomials of RH-regular summability matrix and prove that it is stronger
than A—Bernstein-Stancu polynomials of rough statistical convergence for analytic
triple sequences.

Definition 5.1. Let f be a continuous function defined on the closed interval [0, 1]
and A = (a; j.¢,mmn,k) be a nonnegative regular summability matrix of a triple se-
quence of Bernstein-Stancu polynomials Syst p.¢ (f, ) is said to be rough statistically
A summable convergent to f (z), denoted by Systpq (f, ) —Sta=ime f(2) if for
every € > 0, provided that the set

52 ({(m,n,k) S N3 : |S7'st,p,q (f,l‘) - f (Jj)l Z T+ 6}) =0.

Then, if z is Bernstein-Stancu polynomials of rough statistically A—summable to
f (x), then for every € > 0,

P—l;g;l% ({(m,n, k) € N3 . |Srst,p.g (frx) — f ()] > T+€}) =0.

Thus, the triple sequence of Bernstein-Stancu polynomials of Sys p 4 (f, ) is rough
statistically A—summable to f (x) if and only if S, p 4 (f, Az) is rough statistically
convergent to f (x).

Theorem 5.2. Let f be a continuous function defined on the closed interval [0,1].
A triple sequence of Bernstein-Stancu polynomials (Systp.q (f,x)) of real numbers
is analytic and A—rough statistically convergent to f (x) then it is rough statiscally
A—summable convergent to f (x) but not conversely.

Proof. Let Sysipq (f,z) be analytic and A—rough statistically convergent to f (x),
and

K () = {(m,n, k) € N? 2 |Spstpg (frz) — f ()] > r+e}.

Then
[Srstipa (f0) = L@ =37 aiemnk (Srstpa (f2) 77 = f (@)
(m,n,k)=1
= Z ai,j,f,m,n,k: (STStJ)#I (f7 .’L') - f (m))l/m+n+k
(m,n,k)=1
+f (LC) Z Q5.0 mn,k — 1
(m,n,k)=1

12
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o

< Z i je;mnk (Srstp.q (f, @) — f (x))l/m+n+k
(m,n,k)=1
I @I D tigemnn—1
(m,n,k)=1

< Z Q5.5.6,m,n,k (Srst,p,q <f7 .’L‘) —f (aj))l/m+"+k

(m,n,k€K (€))

+ Z i jmonk (Srstp.g (f, ) = f ($))l/m+n+k
(m,n, k¢ K(€))

o0

HE@ Y. aijemns— 1|

(m,n,k)=1

Using the definition of triple sequence of Bernstein-Stancu polynomials of A-rough
statistical convergence and the conditions of RH-regularity of A, we get
P —limpg; |Srstp,q (f, ) — f(x)] = 0 from the arbitraryness of € > 0. Thus

Srst,p,q (fv l‘) %StAilimm f (Z‘) .

To show that the converse is not true in general, we give the following examples:
(i) A= (@i je,mmnk) be C[1,1,1], the six dimensional Cesdro matrix

(1/mnk), ifi<m,j<nt<k
ai,j,l,m,n,k == .
0, otherwise

and let © = (Zn) be defined
(Spstop.g (f>2))/ ™ = (1) for all m,n, k.

Then triple sequence of Bernstein-Stancu polynomials of S, p 4 (f, ) is C'[1,1,1]
summable (and hence statistical C'[1,1,1] —summable) to zero but not C'[1,1,1]

statistically convergent.
(ii) Define A = (a; j.¢,m,n,k) by

1/m3n3k3

iftm=n=ki<m,j <n,l<kand m,n, k are even

1 =) (0= ) (65 = )

g bamnsk = ifm=n=ki#j#ki<m,j<n{f<kandm,n,k are odd
0

otherwise

13
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and define the triple analytic sequence of Bernstein-Stancu polynomials of Sys¢ p  (f, )

1
if m,n, k are odd and for all m,n, k
0,

otherwise

We can easily verify that A is RH-regular, that is, conditions RH(i)-RH (vi) hold.
Moreover, for the sequence defined above,

)

[Srstpnq (fo )]/ =

1/3
if and m, n, k are even
o0
1 k) (m+1)(n+1)(k+1)/2Tmnk
S ijemm[[Sratpg (F )] = ¢ h ”
(m,n,k)=1 1 m,n,K are o
0
otherwise

Thus it is clear that the triple sequence of Bernstein-Stancu polynomials of
Srstp.q (f,2) is not A—summable and hence is not A—rough statistically conver-
gent butS,ss p o (f, ) —5tA7Hme f(3) = 0. So triple sequence of Bernstein-Stancu
polynomials of Sy p 4 (f, ) is rough statistically A—summable to zero. O

6. KOROVKIN-TYPE APPROXIMATION THEOREM

Theorem 6.1. Let f be a continuous function defined on the closed interval [0, 1].
A triple sequence of Bernstein stancu polynomials (Syst,p.q (f,x)) of real numbers of
Cp (K) into itself. Then for all f € Cp (K),

P— 1;(?]1 ||S7‘st,p,q (f7 $) - f ('r)HCB(K) =0

if and only if
P— I;(II? ||Srst,p,q (fu’uw7m) - fuvw (x)HCB(K) =0, (’U/7’U7’LU =0,1,2,3,.. )

where
u
Srst,p,q (fOOOv (’U,, v, w)) = 17 Srst,p,q (f1117 (Ua v, w)) = 1+ 5
v w

Srst,p,q (f2227 (U7 v, w)) = m, Srst,p,q (f333a (U, v, w)) = m

and
u \? v\’ w \°
Srs ; (U, U, = PR .
sttt = () ¢ (1) (r2)

Proof. Tt is routine verification. Therefore the proof is omitted. a

Theorem 6.2. Let f be a continuous function defined on the closed interval [0, 1].
Let A = (@i j.0,m.n.kx) be a nonnegative RH-reqular summability matric and a triple
sequence of Bernstein stancu polynomials (Srstp.q (f,x)) of real numbers of Cg (K)
into itself. Then for all f € Cp (K),

staa =1 1Sratpq (2 = () i) = 0
14
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if and only if

stza — 1;(111]1 ||Srst,p,q (fu'Uwa (E) - fuvw (x)”CB(K) =0, (u,v,w =0,1,2,3,.. )

where
U
S’r‘st,p,q (f0007 (U, v, w)) = 1’ S’rst,p,q (f1117 (ua v, U))) = 1 + ’LL’
v w

Srstp.q (f222, (u,v,w)) = m, Srst,p.q (f333, (w,v,w)) = m

and
u 2 v 2 w 2
S’r‘9 3 5 3 = )
st (s (10, 10) (1+U> " <1+v> i (1+w)

Proof. 1t is routine verification. Therefore the proof is omitted. 0

Theorem 6.3. Let f be a continuous function defined on the closed interval [0,1].
Let A = (@i j.0,mmn,k) be a nonnegative RH-regular summability matriz and o triple
sequence of Bernstein-Stancu polynomials (Systp.q (f,x)) of real numbers of Cg (K)
into itself. Then for all f € Cp (K),

o0
61 sta=lm| > a S (o) - f@)] =0
(m,n,k)=1 Cu(K)
if and only if
(6.2)
sty —lm|| > a7 et pg (fuvws @) = fuvw () =0, (u,0,w=0,1,2,3,...)
Pqj
(m,n,k)=1 Cp(K)
where
U
Srst,p,q (fOOOa (ua v, w)) = 17 Srst,p,q (f1117 (u, v, ’LU)) = 1+ )
v w

Srst,p,q (f2227 (U7 v, w)) = m, Srst,p,q (f333a (U, v, w)) = m

and

2 2 2
u v w
Srstm#l (f444,(u,v,w)) = (1+u> + (1 +”U> + (1 +w) :

Proof. Condition (6.2) follows immediately from condition (6.1), since each fy., €
Cp (K) (u,v,w=0,1,2,3,...). Let us prove the converse. By the continuity of f on
compact set K, we can write |f (z,y,2)| < M, where M = || f[|¢, k). Alsosince f €
Cp (K), for every € > 0, there is a number ¢ > 0 such that |f (u,v,w) — f (z,9, 2)| <

< 6 < ¢ and

u X

r + € for all (u,v,w) € K satisfying ’— R v y
1

1+v - 1+y

THu 1tz
)
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’1_%0 — 155| < 0. Then we get
‘f(u,’U,’UJ) - f(xayaz)‘
(6.3)
2 2
<rted 3M U x n v Y n w z
et 27 _ __J _
02 14w 14z 14v 14y 14w 1+z
Thus from (6.3), we obtain for any m,n,k € N so that
oo
Y i Sestpa (f,2) — f (@)
(m,n,k)=1
< Z a;??kSTSt,Pﬁq (‘f (u,v,w) - f (l’,y,Z)‘ ) (Z’,y,Z))
(m,n,k)=1
+ |f(37,y72')| Z ;??ksrst,p,q (fOOO)(l‘7y’Z)) _fOOO (Z‘,yZ)
(m,n,k)=1

o0
< > i??’“Sm,pq<r+e+ {(

(m,n,k)=1

2
U T
1+u 1+ac>

n v Y + w z
1+v 14y 14w 14z

o0

|f(1'7y,Z)| Z a?}?ksrst,p,q (fOOO?(wvyaz)) - fOOO (x,yz)
(m,n,k)=1
§6+ (E+M) Z a;??ksrst,p,q (fOOOa(xvyvz)) - fOOO +
(m,n,k)=1
M| & o
(ST Z aijz kSrst,p,q (f3337 (ZL’, Y, Z)) - f333 (CE, yZ) +
(m,n,k)=1
Blal| D ali*Srstpg (fuun, (2,9,2) = finn (z,92)| +
(m,n,k)=1
3|y| Z a;;?[zlksrst,p,q (f222,(1',y,z)) - f222 (‘T7y72) +
(m,n,k)=1
Blel| Y. ali Srstpa (fasss (2,9,2)) = faas (@,y,2) | +
(m,n,k)=1

16

)2},<m,y,z>>+
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<<1j—x>2+<11y>2+(1j—z>2>

oo
Z a;??ksrstm,q (fOOOa (l‘7y,2)> - fOOO (xayvz)
(m,n,k)=1

M
§r+e+<r+e+M+3(Cz+D2+E2))

62
Z ag??kSTStvpﬂ (f0007 (Iv Y, Z)) - fOOO (I7 Y, Z)
(m,n,k)=1
3M ad o
+ 52 Z Ay Systpa (f333: (2., 2)) — fa33 (T, y,2) |+
(m,n,k)=1
SMC | &
52 Z Qije kSTStJLq (flllv(xayVZ» _flll ($7yaz) +
(m,n,k)=1

oo

3MD
Y Z a;??kSTStvpvq (f2227 (.13, Y, Z)) - f222 (1‘, Y, Z) +

(m,n,k)=1

SME| &< o

(572 Z aij@ kSTst,p,q (f333a(377y72)) - f333 (xasz) )
(m,n,k)=1

where C':= max |z|, D := max |y| , E := max |z|. So taking supremum over (z,y, z) €
K, we get

o0

> Al S (f) = f|| ST tet

(m,n,k)=1

oo

3
B Z Z a?}?ksrst,p,q (fuvun ((E, Y, Z)) - fuvw (SC, Y, Z) )

(u,v,w)=0 ||(m,n,k)=1

where

3M 6MC 6MD 6ME}

3M
B::maX{T+€+M—|-(02+D2+E2)752, 2 0 52 0 42

52
Now for given p > 0, choose € > 0 such that € < p and define

o0

E:=q(mmnk)eN>: | " a0 (f, (2,y,2) = f(z,9.2)| > p

(m,n,k)=1
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oo

Buvw =1 (myn, k) €N? 0 N ali% S, g (Fuvws (2,9, 2)) = fuvw (2,9, 2)
(m,n,k)=1

> /)6_];} ,u,v,w=20,1,2,3.
Then E C Uu viw=0 Euvw and thus d; (B) < Z (1,0,1)=0 02 (Eyvw). So by considering
this inequality and using (6.2), we obtain (6.1). O

Example 6.4. Now, we will show that Theorem 6.3 is stronger than its classical and
statistical forms. Let A be C'[1,1,1] and defined 2 = (Zpnk) by Zmnk = (—1)""*
for all m,n,k. Then triple sequence of Bernstein-Stancu polynomials is neither
P—convergent nor A—rough statistically convergent but st3 — lim Az = 0.

The Bernstein-Stancu operator of order (u,v,w) is given by

Suvw,p,q (fv (:L', Y, Z))

_ zu: Z zw: f <’§:ﬂ’j ) (;;L) (n> <}§) R (1 ) w)

m=0n=0 k=0

where f is a continuous (real or complex valued) function defined on [0,1], where
(xz,y,2) € K =1[0,1] x [0,1] x [0,1]; f € Cp (K). By using these operators, define
the following positive linear operators on Cp(K):
(6.4)

ST"Stth (fv (1‘, Y, Z)) = (1 + xmnk) Srst,p,q (f7 ('T’ Y, Z)) ’ (JZ, Y, Z) €K, feC (K) .

Then observe that

rst,p,q (f0007 (3? Y,z )) ( + ﬂﬁmnk) fooo (JJ,ZU,Z),
Srstpg (J111, (2,9, 2)) = (1 + Tpnr) fr11 (2,9, 2)
Tstpq(fZZZv(x Y,z )) (1+$mnk) f222( ayvz)v
TSt,P,q (f3337 (-T Y,z )) = ( + xmnk) f333 ( 73/,27)7
Syrstp.q (faaa, (2,9, 2)) = (1 + Tpnk) -
x 2 Y Y 2 z z 2
T+z (m) THy — (?) T+z (1+z>
faaa (z,y,2) + +— 4 :
m n k
where
x
Srst,p,q (f0007 (‘rvyv Z)) = ]-7 ank (f1117 (‘rvyv Z)) = 1+ xa
Yy z
Srst.p,q (fo22, (x,9,2)) = masrst,p,q (f333, (2,9, 2)) = 112
and

2 2 2
T Yy z
Srstmyq (f4447($7y72)) = (1+1‘> + <1+y> + <1+Z> ’
18
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Since stg — lim Az = 0, we obtain

stz — lim Z al‘??ksrstyp’q (fuvw) = fuvw =0
(m,n,k)=1 Cr(K)
=sty—lm— |1 Y al"Sra g (Fuvw) = Fuvw =0
P93 Pqj
(m.n.k)=1 Cp(K)
for u,v,w =0,1,2,3. Hence by Theorem 6.3 we conclude that
oo
stz — 115111 > Al Seapg ()~ f =0
(m.n,k)=1 C5(K)

for any f € Cp (K

).

However, since P—limit and the statistical limit of the triple sequence of Bernstein-
Stancu polynomials of (Systpq (f,2)) is not zero, then for u,v,w = 0,1,2,3,
1Srst.p.g (fuvw) — fuvwl] On(K) is neither P—convergent nor statistically convergent
to zero. So, Theorem 6.1 and Theorem 6.2 do not work for our operators defined by

(6.4).

Theorem 6.5. Let f be a continuous function defined on the closed interval [0,1].
Let A = (@i je,mnk) be a nonnegative RH-regular summability matriz and a triple
sequence of Bernstein-Stancu polynomials (Sysip.q (f,x)) of real numbers from [0, 1]

into itself,

; 1 1 =
6.5 L)% —lim ——— — almk s, ,x)— f(x
(6.5) ()4 pai g (Apgj) Upqj (m,gk:)=1 Ve v () = 1)
if and only if
(6.6) (I)% —lim L 1 i almk S, pq (Liz) = 1| =0

pai G (Apgj) Upqj (momk)=1 Y P
60 005 —tim | Y S () -
A g (Apgs) Upgj (mom k) =1 Y . L4z

68) (@ —tm— | S ampks (70 - ( - )

14j G (Apgj) Upqj ! v L+

Proof. We obtain
(6.9)
and so

(6.10)

(m,n,k)=1

ECE1UE2UE3

19

Orysn (B) Coyam (Br) + 0,505 (B2) + 0, yan (Es) -

=0

2
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Equations (6.6)-(6.8) give that

. 11 —
(DA = lim ————— a3y Srstipq (f2) = f (@) = 0.
A pai g (Apgj) Upg (mgk:)_l ! o

O

Definition 6.6. Let f be a continuous function defined on the closed interval [0, 1]
and A = (ai j¢,mnk) be a nonnegative RH-regular matrix. A triple sequence of
Bernstein-Stancu polynomials (Syst pq (f,2)) is said to be Iy—weighted statistically
convergent of weight g, if for every ¢ > 0,

6.11 I P —
(6.11) lim Y ijemnk
m,n,k€E(u,e)

P,q,] 1 1

E (u,€) = < lim Z

———— {(m,n, k) € I, :
P3Gy =0 Y (Apas) Upaj "

Umnk |Srst,p,q (fix)—f@)|>r+ef| = 0} el.

In this case, we write (IA)ZN"“?“ — lim Syt pg (f,2) = f(2), or Srstpq(f,z) —
gN*“qu
f (@) (In) 4 :

Theorem 6.7. Let f be a continuous function defined on the closed interval [0,1].
Let A = (@i je,mnk) be a nonnegative RH-regular summability matriz and a triple
sequence of Bernstein-Stancu polynomials (Systp.q (f,2)) of real numbers from [0, 1]
which satisfies (6.7)-(6.8) of Theorem 6.5 and the following condition holds:

1 1 =
(6.12) lim ——— — alt* S i pg (Lz) — 1| = 0.
pai g (Apgs) Upgj (m,%)_l 7 bp
Then,
59,7 1 1
(6.13) lim ——— —Umnk [|Srtpq (f,2) = f ()| = 0.

Pas (mumk)=0 I (Apaj) tpgj

Proof. It follows from (6.12) that HZ?Z%mk):l a;';g’fsrsm (1,z) — lH < ', for
some constant C' > 0 and for all m,n,k € N. Then we obtain
Uk ||Srst,p.g (f;2) = f (@) <t ([ ]| 1Srst.p.q (f,2) = F (@) + ([ £1])
(6.14) < Uy C (C/ + 1) .
20
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Since right hand side of (6.14) is constant, wmnk ||Srst.p,q (f; %) — f (2)] is bounded.
Since (6.12) implies (6.6), by Theorem 6.5, we get that

N : 1 1 - mn
(6.15) (D)4 —lim————— | >~ al"Spapq (f,2) = f(2)]| =0.

a7 g (Apgj) Upqj (m,n,k)=1
O

Definition 6.8. Let f be a continuous function defined on the closed interval [0, 1]
and A = (a; j.¢,mn,k) be a nonnegative RH-regular matrix and let (u,,;) be a pos-
itive nonincreasing sequence. A triple sequence of Bernstein-Stancu polynomials
(Srstp,q (f,)) is said to be Iy—weighted statistically convergent of weight g, if for
every € > 0,

1
(6.16) lim— Y aijemnk =0,
PaJ Upqj m,n,k€E(u,e)
where
1
E(u,e) = { {(m,n,k) € Iqu P Umnk |Srst,p’q (fvm) - f ($)| Z T+ 6}} € I.
9 (Apgs)

In this case, we write (I3)%" —0 (@mnk)—lim Syst p.q (f,2) = f (). O Srstp.q (fr2) —
I (@) (L)% —o(ammnk) as myn, k — oc.

Theorem 6.9. Let f be a continuous function defined on the closed interval [0,1].
Let A = (a;jo,mmnk) be a nonnegative RH-reqular summability matriz. Suppose
that (amnk), (Dmnk) and (¢mnk) are three positive nonincreasing sequences. Let a
triple sequence of Bernstein-Stancu polynomials (Srstp.q (f,2)), (Srstp.q (f,y)) and
(Srstp.q (f,2)) of real numbers from [0,1] such that

Srstpg (@) = [ (2) = (L)E — o0 (amnr)

Srstpa (fr9) = () = (L)Y — 0 (bmnk)
and

Srstyp,q (f:2) = f(2) = (IA)"ZN — 0 (Cmn,k) -

Then (1) (Srst,zg,q (f,2) = f1(2))£(Srst,pq (f,4) = f2 (W) E(Srstpq (f:2) — f5 (y)
= (L)Y = o (dim,nk),
(2) (Srst,g,q (fsz) = f1 () (Srstp,q (fs9) = f2 (U)) (Srstpq (f,2) — f3(2))
= (I)\),gqN —0 (dm,n,k)y
(3) @ (Srstpq (fr2) — f1(2)) = ()% — 0 (amnk), for any scalar o,
where dpmpk = MaX [Amnk, bmnk, Cmnk]-
Proof. (1) Suppose that

Srst,p,q (fa :C) - fl
(***) Srst,p,q (f7 y) - f2
Srst,p,q (f? Z) - f3
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Given € > 0, define

E = {g(;pw) {tmnk |(Srstpg (fsx) — f1 (x)) +
(Srst,p,q (f,y) = fa(y)) £ (Srst,p,q (f;2) = f3(2))| =+ ¢} } ’
1" 1 6
b= {g()\qu) {(m,n,k) € Ipgj : Umnk |Srst,p>q (fiz) = (@) =r+ 2}} ,
e 1
B = {éJ(/\zmj) {(mﬂ%k) € Tpgj : Umnk |Srst.pq (fry) = f2 ()| =7 + ;}} 7
11 ]- 6
B = {9(/\1)qJ) {(m,n,k) € lpgj  Umnk |Srst.p.q (f,2) = f3(2)| =2 r + 2}} .
It is easy to see that
(6.17) EcE'|JE"JE".

This yields that

% > tijemnk < di > Gigemait
P47 m,n,keE’ paj m,n,keE"
1
(6.18) T Z @i j0m,n,k + A Z @i,j,6,m,n.k
Pq) m,n,kEEN/ Pq) m,n,kEElW?

holds, for all (p,q,j) € N. Since dynr = max [@mnk, bmnk, Cmnk], (6.19) gives that

1 1
T > Gigemak < —— Y Gijemmkt

; Qa
paj m,n,kEE’ paJ m,n,keE"
1 1
(6.19) — g Qi 5.6 mmnk T —— E Qi j,6,m,n,k
bqu " CPQj 111
m,n,keE m,n,keE

Then taking limit p,q,j — oo in (6.19) together with (***), we obtain

. 1
(620) hm - Z Q4,50 mnk = 0.

Thus,
(Srst,p,q (fa ‘T) - fl (’I‘)) + (Srst,p,q (fa y) - f2 (y)) + (Srst,p,q (fa Z) - f3 (Z))
= (L)W —ol(emmnk) -

Similarly, we can prove (2) and (3). Since continuity of f on the interval [0,1], we
write

w (f,0) =sup{[f () = fFWI.|f () = fFR)I.|f(z) = f(z)]:
z,y,2z € [0,1], |z —yl,|ly — 2|, |z — x| < d}.
22
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It is well known that

\f (@) = F W1 () = F @I () = f (@)

z Y
m—?‘ ‘ﬁ—uz Ttz T+w
<w(f,9) e e P T

Yy z

O

Theorem 6.10. Let f be a continuous function defined on the closed interval [0, 1].
Let A = (@i j0,mnk) be a nonnegative RH-reqular matriz. Let a triple sequence of
Bernstein-Stancu polynomials Sysipq @ [0,1] — [0,1] satisifies the conditions

(1) OV gy 513ty e [0y €7 St (1)1 = (D)5 =0l i),

)‘qu)@
(11) w (f> Amnk) = (I)\):,qu\i — 0 (bm,mk);
(iil) w (f, Admnk) = (IA)%Nfo(cm7n7k) With Amnk = \/Srst.p,q (P2 1 T) and @ (y) =

2
(ﬁ - H%) , 9z (2) = (ﬁzz — e — H%) , where (amnk), (bmnk) and (Cmnk) are
three positive nonincreasing sequences, then
(6.21) I1Srst.pa (f;2) = f (@)l = (IN)F — 0 (dmn.k)
where dmnk = maX {amnka bmnk7 Cmnk}-
Proof. Consider
|Srst,p,q (f, ZL’) - f (SC)|
SSrstpg (1f (@) = LWL W) = f G (2) = f @) 2) + 1 ()] |Srstpq (L x) — 1

J Yy z
1+x 1+y 142z
SS'rst,p,q 1 + 5 ) 1 + (S ’ 1 + 5 w (f? 5) + |f (x)‘ |Srst,p,q (1’ Jj) - 1|
2 2
’(Pf_liy) ‘(L_ z)‘ ’(ﬁ_li)
T 1 Tty Ttz z T
SSrst,p,q 1 + 52 ) + 52 ) 1 + (52 w (fa 5)

+1f @)[|Srstpq (1, 2) = 1]

SSrst,p,q 1 +

L+ 53 w (f,0) + |f (@) [Srst.p,q (1,2) = 1]

SUSrstp.g (1, 2) = 1w (f,0) + [f (@) [Srst pqg (1) = 1 +w (f,0)

1 1
+ ﬁsrst,lhq (S":v cx)w (f, 6) +w (f7 6) + éfgsrst,p,q (‘Pw : .I‘) w (fa 6) .

23
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Choose § = Apnk = \/Srst,p,q (Pz : &), then we obtain
||Srst,p,q (fix) = f(@)]| <T HSTsup,q (L) = 1| + 3w (f, Amnk) +
(6.22) ”Srst,p,q (Lz) = 1 +w (f, Mmnk) 5

where T' = || f||. For a given € > 0, we define the following sets:

E = {(m,n,k) eN?: Umnk ”Srst,p,q (fiz) = f(2)] > rJre},

€
E" = {(m,n,k) € N st | Srstipg (L) = 1| = 7+ 7=}

E — {(m7n7 k) S NS P UmnkW (f7 Amnk) Z r _|_ g} ,

. €
_ {(m,n,k) € N+ ik (f, M) [ Srstpig (1, ) — 1] > 7 + Z} .

It follows from (6.22) that

1 1
r Z Q4,50 m,n,k < r Z ai,j,f,m,n,k"_
m,n,k€EE Pq m,n,keE"

(6.23) —— Y Gigtmakto— Y Gigtmak

rqJ m,n,keE”/ rqJ m,n,keE””?

IS

holds for all (p,q,j) € N. Since dpnr = Max [@mnks Omnk, Cmnk], (6.23) gives that

1 1
- E: @i jemmk < —— E @i j0,mn,kt

d Qpqi
P4y m,n,keE’ paJ m,n,keE"
1 1
(6.24) - Y Gijemnkt—— Y, Gijimnk
prqi " CP‘U 111
m,n,k€EE m,n,keE

Taking limit p,q,j — oo in (6.24), we obtain

(625) hm o Z Qj,5.0,m,nk = 0.
m,n,kcE’

7. CONCLUSION

In this paper, we have discussed various general topological and algebraic prop-
erties of statistical convergent of weight g (A) and also have proved Korovkin ap-
proximation theorem by using the notion of weight ¢g (A) limits of a triple sequence
space of Bernstein-Stancu polynomials. All the results will certainly motivate young

researchers.
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