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ABSTRACT. In the present paper a notion of vector space in multiset
settings is introduced. A representation theorem is established. Definitions
of balanced, convex and absorbing multisets have been given and their
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1. INTRODUCTION

Many fields of modern mathematics have been emerged by violating a basic
principle of a given theory only because useful structures could be defined this way.
For example, modern non-Euclidean geometries have been emerged by assuming that
the Parallel Axiom does not hold. Similarly, in contrast to classical (Cantorian) set
theory in which an element cannot appear more than once, a concept of multiset is
evolved, which is an unordered collection of objects into a whole in which certain
elements are allowed to repeat. The term ‘multiset,” as Knuth [16] notes, was first
suggested by N. G. deBruijn [4]. From a practical point of view, multisets are very
useful structures as they arise in many areas of mathematics and computer science.
Some examples of multisets as stated in [22] are as follows: The prime factorization of
integers n > 0 is a multiset whose elements are primes. Every monic polynomial f(z)
over the complex numbers corresponds in a natural way to the multiset of its roots.
Other examples of multisets include the zeros and poles of meromorphic functions,
invariants of matrices in a canonical form, the invariants of finite abelian groups
etc. The terminal string of a non-circular context-free grammar forms a multiset.
Processes in an operating system can be thought of as multisets. The mathematical
treatment of concurrency involves the use of multisets. In social sciences, multisets
can be used to model social structures, etc.
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Many authors like Yager [23], Blizard [2, 3], Girish and John [10, 8, 9], Monro
[17] etc. have studied on multisets and its applications. More works on multisets
and soft multisets can be found in [1, 5, 7, 11, 12, 13, 14, 18, 19, 20, 21, 24]. Vector
space structure is one of the most important structures in modern mathematics.
Several authors have introduced the notion of vector space in fuzzy sets [15], soft
sets [0] etc. Therefore the study of vector spaces in multisets is very natural. We
have attempted in this paper for the first time to introduce a notion of vector space
in multiset setting and to study some of its properties.

2. PRELIMINARIES

Definition 2.1 ([8]). A multiset (mset) M drawn from a set X is represented by a
count function Cjps : X — N where N represents the set of non negative integers.

Here Cj(x) is the number of occurrence of the element x in the mset M. The
presentation of the mset M drawn from X = {z1,zs,....,x,} will be as M =
{x1/m1,z2/ma,....,xn/my} where m; is the number of occurrence of the element
z;, 1 =1,2,...,n in the mset M.

Also here for any positive integer w, [X]* is the set of all msets whose elements
are in X such that no element in the mset occurs more than w times and it will be
referred to as mset spaces. For M € [X|¥, M,, = {zx € X : Cpy(x) > n},n e N.

The algebraic operations of msets are considered as in [3].

Definition 2.2 ([18]). Let X and Y be two nonempty sets and f : X — Y be a
mapping. Then

(i) the image of a mset M € [X]* under the mapping f is denoted by f(M) or
f[M], where

V.o COum(@)if f'(y) # ¢
Cron(y) = f@=v
0 otherwise,

(ii) the inverse image of a mset N € [Y]* under the mapping f is denoted by
STHN) or f7HN], where Cp—1(yy(z) = Cn[f(2)].

The properties of functions, which are used in this paper, are as in [18].

3. SUMS AND SCALAR PRODUCTS OF MULTISETS

Throughout the rest of the paper X, Y will denote vector spaces over K (where
K is the field of real or complex numbers), f is a linear map from X to Y and msets
are taken from [X]“,[Y]".

Definition 3.1. For Ay, Ay, ..., A, B € [X]”, define A; + As+ ...+ A,, and AB(\ €
K) as:
Cay+ st 44, (T)
= V{Cy, (x1)ACa,(z2)A..AC 4, (xy) : T1, T2, ..., T, € Xand z14+z2+...4+2, = 2}
and
Cxg(y) = V{Cg(z) : Az = y}.

Lemma 3.2. Let A € K and B € [X]”. Then
(1) fOT’ A 7é 0, C)\B(y) = CB()‘ily)vvy € X,
5h4
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0, y # 0,
for X=0, C\p(y) = sup Cp(z), y=0"
z€X

(2) for all scalars A € K and for all x € X, we have Cyg(Azx) > Cp(x).

Proposition 3.3. For A, B in [X]“ and for A € K,
(1) f(A+ B) = f(A) + f(B),
(2) F(AA) = Af(A).

Proof. (1) Let M = f(X), weyY m= Cf(A+B)(w),n = Cf(A)+f(B)(w).

In case w ¢ M, m = 0. Also, z,y € Y,z +y = w implies that not both z,y belong
to M and then n = 0. Let w € M. Given € > 0, there exists z € X, with f(z) = w,
such that

Catp(z) >m—e

Thus there exist ,y € X, with « +y = z, such that min{Ca(z),Cp(y)} > m —e.
Since f(z)+ f(y) = f(2) = w, we have
n = min{Cya)(f(2)),Crn)(f(y)} =2 min{Ca(z),Cp(y)} > m —e.
Since € > 0, is arbitrary, we get n > m.
Again for n > e > 0, there exist z1, 20 € Y with z; + 2o = w, such that

n —e < min{Cya)(21), Cyp)(22)}-
So, there are x1,z2 € X, with f(z1) = 21 and f(x2) = 29, such that
n—e<min{Cx(x1),Cp(z2)}.

Since f(z1 + z2) = f(x1) + f(z2) = 21 + 22 = w, we get m > n — e. Since € > 0 is
arbitrary, m > n . This proves (1).

(2) Let w € Y, ¢ = Cypeay(w) and d = Cpra)(w).

If w¢ M, thenc=d=0.

Suppose that w € M.

If A #0, then ¢ = Cpay(Atw) = sup  Ca(x)

flx)=2"1w
= sup Cha(Ax) = sup Cha(y) =d.
fOz)=w fly)=w
Next assume that A = 0. If w # 0y, then ¢ =0. Also d = sup Cpa(z) =0,
f(z)=w
when f(z) =w # 0y, x # 0x.
For w = Oy, we have
¢ = sup Cy(a)(z) = sup Ca(y)
€Y yeX
and
d= sup Coa(z)=Coa(0x) = sup Ca(y).
f(z)=0y yeX
This completes the proof. O

Corollary 3.4. A(A+ B) = AA+ AB for all A,B in [X]*“ and ) € K.

Proposition 3.5. Let A, Ay, ......, A, € [X]¥ and Ay, ....., A\, € K. Then the follow-
ing assertions are equivalent:
(1) MAL + AoAo + ... + MA, CA,
555
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(2) For all 1,22, ....,x, in X, we have
CA()\lml + AoZo + ... + )\nxn) > min{CAl (LI’,‘l), ...... ,Cy (.Z'n)}

Proof. (1)=(2) is immediate.

(2)=(1): By rearranging the order if necessary, we may assume that A\; # 0 for i =
1,2,...,k,and \; =0 for £k <i < n. Let x1,2s,....,x% € X. For all y1,y2, ..., Yn_r €
X, we have

Ca(Mizy + Aoz + oo + Apxg)
> min{CAl (.’1?1)7 ...... 5 CAk (l‘k), CAk+1 (yl), ceey CA" (ynfk)}-
Since Coa, (0) = sup Ca,(y), we get
yeX
CA(A11‘1 + Ao + ...+ /\kxk)
2 min{C’Al (1‘1), ...... 5 CAk (Ik), CoAkJrl (9), ceey COAn (9)}
On the other hand,
C>\1A1+)\2A2+ ~~~~ +AnAn (Z)

= " -fup-s-'- - [min{Cx, 4, (21), ...... O, 4, () }]
sup [min{Cx,a, (1), ...... ,Cx, A, (1), Conpyr (Ths1)s o Coa, (2n) }]

r1t+xot+....+Tr=2

Lo [min{Ca, (A\T'21), ..., Ca, (A "21), Coay s (), ..y Coa,, ()]

[Since Coa,(z;) =0,if x; 0, i=k+1,...,n]
< sup CaA 1oy + e + ML ) = Cal2). O
r1t+x2+....tTE=2
Lemma 3.6. Let A, B € [X]|¥. Then
(1) A+0BCA,
(2) A+0B=Aiffsup Ca(zr) < sup Cp(x).
zeX zeX
Proof. (1) Ca(z+0y) = Cx(x) > min{Ca(z),Cp(y)}. Then (1) follows from Propo-
sition 3.5.
(2) Suppose that sup Cx(x) < sup Cp(x) = Cop(d). Then
Catop(z) = sup [min{Ca(x),Cop(y)}] = min{Ca(z),Cop(0)} = Ca(z).

T+y=z
On the other hand, if C4(z) > sup Cg(x) = Cop(0) for some z, then
Cato(z) =min{Ca(z),Cp(0)} < Ca(z)
Thus A + 0B # A. 0

4. MULTI VECTOR SPACE

Definition 4.1. A multiset V in [X]“ is said to be a multi vector space or multi
linear space (in short, mvector space) over the linear space X, if
i) Vv+VvVCV,
(ii) AV CV, for every scalar A.
We denote the set of all mvector spaces over a vector space X by MV (X).

Lemma 4.2. Let V be a multiset in [X]¥. Then, the followings are equivalent:
(1) V is a multi vector space over X.,
(2) for all k,m € K, we have kV +mV CV,
556
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(3) for allk,m € K and for allz,y € X, we have Cy (kx+my) > min{Cy (z),Cyv(y)}.

Proposition 4.3. V € MV (X) and W € MV (Y) implies that f(V) € MV (Y) and
f7YW) e MV (X).

Proof. Let V€ MV (X). Then for k,m € K, kV +mV C V. Thus,
Ef(V)+mf(V) = f(kV +mV) [By Proposition 3.3] C f(V),

which shows that f(V) e MV (Y).

Also if W € MV (Y), then for any scalar k, m,
Cm vy (k2 + my) = O (f(k + my)) = Co (kf () +mf (1))

> min{Cw (f(x)), Cw (f(y))} [By Lemma 4]
= min{Cr-1w)(@), Cr-1w)(y)}-

Thus f~1(W) € MV(X), by Lemma 4.2. O

Proposition 4.4. If V,\W € MV (X) and k € K, then V + W, kV € MV (X).
Proof. Let z,y € X and k,m € K. Then

Cviw (kz +my) = Zl+z2:\/km+my{cv(21) + Cw(22)}.

Now if 1 + x2 =z and y; + y2 = y, for x1, 22, y1,y2 € X, then
(kx1 +my1) + (kxa + my2) = kx + my.

Thus,
Cviw (kz +my)
z1+x2:;/yl+y2:y{cv(kx1 + myl) A Cw(ka + myz)}

T1txe=x,y1+y2=

= V {Cv(xl)/\CW(iL'Q) /\CV(yl) /\CW(y2)}

T1+x2=7,y1+y2=Yy

v

= vV {Cy(xy) /\CW(:UQ)}] A [ Y% y{CV(yl) A Cw(y2)}

T14xo=2 y1+y2=
= Cvyw (@) A Cvyw (y)-
SoV+WeMV(X).
Again, kV € MV (X) follows from Proposition 3.3. O

Proposition 4.5. If V, € MV (X),i € I, then ﬂIVi e MV (X).
1€

Proposition 4.6. Let V € MV (X). Then Cy(0) > Cy(x),Vz € X.

Proposition 4.7. Let V € MV (X). Then

(1) forn € N, V,, is either empty or a subspace of X,

(2) V*={z e X;Cy(z) =Cyv(0)} and V., = {z € X;Cy(z) > 0} are subspaces
of X.

Proposition 4.8. For any two V1,V € MV (X) and any n € {0,1,2,...,w},
(1) (VinVa)n = V1), N (Va),,
2) M1+ Va)n = (V1),, + (V2),, -
Proposition 4.9. Let V € MV (X) with dimX = m. Then the range of Cy contains

at most m + 1 points of {0,1,2,...,w}.
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Proof. If possible suppose xg, Z1, ..., Ty, € X \ {6} such that
Cv(xo) < Cv(Il) < ... < Cv(ﬂfm).

Then g ¢ vct{xi,z2,...,2m} (vet{z1,T2,...,xm} is the vector space spanned by
{z1,z2,...,2m}). Otherwise there exist ay,as, ..., a, € K such that z¢ = 221 a;x;
and by Lemma 4.2, Cy(zg) > Cy(x1), which is impossible. Analogously z;1 ¢
Vet{xay ey T by eevy Tn—1 & vet{x,, }. Since all x; # 6, we have

dim(vet{xg, 21, ..., T }) = 1+dim(vet{zy, T2, ..., Ty }) = m+dim(vet{x,, }) = m+1.
This is impossible, since dim X = m. Consequently the range of Cy is a subset of
{0,1,2,...,w} with at most m + 1 points of which m values are attained at points of
X \ {0} and the maximum one is attained at 6. O

Proposition 4.10. (Representation Theorem) Let V € MV (X) with dim X = m
and range of Cy = {ng,n1,....nkt, k <m, ng = Cy(0) and w > nyg > ny > ... >
ny > 0. Then there exists a nested collection of subspaces of X as
{6} TV, CVioy C oo T Vo = X such that V. =mnoVy UngVy, U, UngV,, . Also,
(1) if n,m € (niy1,nil, then Vi, =V, = Vo,
(2) if n € (nig1,n4] and m € (ny,ni—1], then V,, D Vi,

Proof. From Proposition 4.7, V,,, = {z € X : Cy(x) > n;} are subspaces of X, for
1=0,1,2,....k. As n; > n;41, for i = 0,1,...,k — 1, we have a nested collection of
subspaces of X as

{0} C Vo CViy Cooe. TV, =X,

Now we show that V = ngV,,, Un1V,, U....UnV,, . Let x € X and Cy(z) = n,.
Then z € V,,; and 2 ¢ V,,,, for | < j. Thus
Cno\/no Un Vi UeeUng Vi (x)
= CnoVnO (:C) \Y Cannl (Cﬂ) V..V anvnk (.TU)
=n;V...Vng =n;.
(1) Let n € (ni11,n;]. Then obviously V,,, C V,,. Next let « € V,,. Then Cy (x) >
n > n;41. This implies that Cy () > n;. Thusz € V,,,. So V,, C V,,,. Hence V,, = V..
Similarly, V;;, = V;,,. Therefore (1) holds.
(2) is straightforward. O

Example 4.11. Let X = R?, w =4 and V be defined as
Cy(z) = 2,ifx#0
= 4,ifx=20.
Then V = 4V, U 2V, is a decomposition V.

5. MULTI BASES OF A MULTI VECTOR SPACE

Definition 5.1. Let X be a finite dimensional vector space with dim X = m and
V € MV (X). Consider Proposition 4.10. Let B,, be a basis of V,,,i = 0,1,...,k
such that

(5.1) B, C By, C By, C...C By,
558
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Define a multi subset 8 of X by
Cs(z) = V{n;:x € By,}

= 0, otherwise.
Then 3 is called a multi basis of V' corresponding to (5.1).

Example 5.2. Let X = R? and w = 6. Define a multi vector space V by Cy : X —
N by

Cy(z) = 6,ifze{(a,0):aecR}
= 1, otherwise.
Then we have {6} C Vg C Vi = R2. Let e; = (1,0), ea = (0,1), Bs = {e1} and
By = {e1,e2}. Then S is a multi basis of V' where C(z) is defined by:
6, ifz=(1,0)
Cala) =41, ifw=(0,1)
0, otherwise.

Proposition 5.3. Let 8 be a multi basis of V obtained by (5.1). Then
(1) if n,m € (niy1,ni], then By, = Bm = Bn,,
(2) if n € (nig1,n5] and m € (ng,n;—1], then Bn, D Bm,
(3) B is a basis of Vy,, for allm € {1,2,....,w}.

6. CONVEX, BALANCED AND ABSORBING MULTISETS

Definition 6.1. A multiset M in [X]* is said to be:
(i) convex, if AM + (1 — A\)M C M, for all A € [0,1],
(ii) balanced, if AM C M, for all scalars A with | A |< 1,
(iii) absorbing, if for each = € X, CkUOkM (z) = w,
>
(

iv) absolutely convex, if it is both convex and balanced.

Proposition 6.2. Let M € [X]“. Then the followings assertions are equivalent:
(1) M is convex (balanced),
(2) Crpr(Az + (1= N)y) > min{Cr(z),Cr(y)}, for all z,y € X and all X € [0, 1]
(Crr(Az) > Coy(x), for all | X< 1),
3) For each n € {1,2,....,w}, M, is convex (balanced) in X.

Proof. (1) < (2) is immediate.

(2)<(3): We only prove the convex case. The proof for the balanced case is
similar. Let Cpr(Az + (1 — A)y) > min{Cun(z), Crr(y)}, for all z,y € X and all
A €[0,1]. If M, # ¢, take x,y € M,,. Then Cps(z), Cps(y) > n. Thus

Cy(Az+ (1= XNy) > min{Cpr(z),Crp(y)} > n.

So Az + (1 = Ny € M, for all X € [0,1]. Hence M,, is convex in X.
Conversely, assume that the sets M,,, n € {1,2,...,w} are convex in X. Let z,y €
X and min{Cp(z), Cpr(y)} = no. If ng = 0, then obviously,

Cyu(Az+ (1= Ny) > min{Cuy(z),Cr(y)}-
559
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If ng # 0, then Cr(z), Crr(y) > ng. Thus z,y € M,,,. By convexity of M,,, Az +
(1—=XNy € My, for all A € [0,1]. So Cpy(Ax+(1—N)y) > ng = min{Chr(z), Cpr(y)}.
Hence (2) holds. O

Proposition 6.3. Let M € [X]“. Then the followings are equivalent:

(1) M is absolutely convez,

(2) AM + uM C M, for all scalars A\, p with | A |+ | p|< 1,

(3) Cr(Ax + py) > min{Cr(x),Cpm(y)}, for all z,y € X and all scalars A, p
with | X | + | p|< 1.
(4) For each n € {0,1,2,...,w}, the ordinary set M,, = {x € X : Cp(x) > n} is
absolutely convex.

Proof. (1)<(2): Let M be absolutely convex and choose scalars A, p with | A | + |
pl< 1.

If A\ =0 or u=0, then evidently, AM + uM C M (as M is balanced).

If A\ # 0and p # 0, then &M C M and ﬁM C M (as M is balanced) and

By
B Wl _
it xre = 1- Thus

By A VA a
N UTD Y N 0 S W 122 N AV BN Py
+p (| +1 |>{A|+|u| BN +|A|+|u\ a B

Conversely, let the condition hold for a multiset M in [X]“. Then choosing p = 0,
we find that M is balanced and choosing A > 0, > 0 and A + p = 1, we find that

M is convex. Thus M is absolutely convex.
Proofs of (2) < (3) and (1) < (4) are immediate. O

Proposition 6.4. M € [X]¥ is absorbing iff M, is absorbing, for eachn € {1,2,....,w}.
Proof. Suppose M is absorbing. Then for z € X, C | pp(x) = w. Hence Sup Cipr(z) =
k>0

k>0

Sup Cpr(k71z) = w. Then Cp(k~x) = w, for some k > 0. Thus, for each n €
k>0

{1,2,...,w}, k~lz € M,, i.e., M, is absorbing.
Conversely, suppose that for each n € {1,2,....,w}, M, is absorbing. Then for
r € X,ne{1,2,..,w}, there exists k,, > 0, such that k, 'z € M,. Thus
Sup Crr(k™12) = w, ie., Sup Cryr(z) =C | pp(z) = w.
k>0 k>0 k>0
So M is absorbing. O

Proposition 6.5. Let M, M' € [X]¥ and N € [Y]“.
(1) If M is a convex (balanced), f(M) is a convez (balanced) multiset in [Y]“.
(2) If N is a convex (balanced or absorbing), f~*(N) is a convex (balanced or
absorbing) in [X]“.
(3) If M, M’ are convex (balanced), then M + M' € [X]* is convex (balanced).

Proposition 6.6. If {M; € [X]“,i € I} is convex (balanced), then 'mei is also so.
1€

Definition 6.7. Let M be a multiset in [X]¥. The convex (balanced) hull of M is
the intersection of all convex (balanced) sets in [X]* which contains M.

Proposition 6.8. Let M € [X]¥. Then the balanced hull of M is the multiset

U AM.
[A<1

560
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Proof. The multiset N = IMU AM is contained in any balanced multiset which
<1

contains M. Since N D M, it suffices to show that N is balanced. Let a € K,
|a|<1and z € X. Then

Cn(z) = sup Capr(x) < sup Coxpr(ax)

[A<1 [AI<1
< sup Coxml(ax)
laX|<1
< sup Cpr(ax) = Cy(ax).
[A1<1
Thus alN C N, by Proposition 3.5. So N is balanced. O

7. CONCLUSION

In our future study, we have a plan to develop further properties of multi vector
space. Introduction of the concept of multi topological vector space is also another
future plan.
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