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1. Introduction

Many mathematical concepts can be represented by the notion of set theory,
which dichotomize the situation into two conditions: either “yes” or “no”. Till
1965, Mathematicians were concerned only about “well-defined” things and smartly
avoided any other possibility which are more realistic in nature. In 1965, Zadeh [19]
introduced fuzzy set to accommodate real life situations by giving partial member-
ship to each element of a situation under consideration. The usual notion of set
topology was generalized with introduction of fuzzy topology by Chang [2] in 1968,
based on the concept of fuzzy sets invented by Zadeh.

In 1989, Kandil [9] introduced the concept of fuzzy bitopological spaces and
since then various notions in classical topology have extended to fuzzy bitopological
spaces. The concepts of Volterra spaces have been studied extensively in classical
topology in [4, 5, 6, 7, 8]. The concept of pairwise Volterra spaces in fuzzy setting
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was introduced and studied by the authors in [15]. Somewhat fuzzy continuous func-
tions, somewhat fuzzy open functions on fuzzy topological spaces were introduced
and studied by G.Thangaraj and G.Balasubramanian in [12]. The results concern-
ing pairwise fuzzy functions that preserve pairwise fuzzy Volterra and pairwise fuzzy
weakly Volterra spaces in the context of images and pre-images in fuzzy bitopological
spaces are studied in this paper.

2. Preliminaries

Now we give some basic notions and results used in the sequel. In this work by
(X,T ) or simply by X, we will denote a fuzzy topological space due to Chang (1968).
By a fuzzy bitopological space (Kandil, 1989), we mean an ordered triple (X,T1, T2),
where T1 and T2 are two fuzzy topologies on a non-empty set X. Throughout this
paper, the indices i and j take values in {1, 2} and i 6= j.

Definition 2.1 ([2]). Let λ and µ be fuzzy sets in X. Then for all x ∈ X,
(i) λ = µ⇔ λ(x) = µ(x),
(ii) λ ≤ µ⇔ λ(x) ≤ µ(x),
(iii) ψ = λ ∨ µ⇔ ψ(x) = max{λ(x), µ(x)},
(iv) δ = λ ∧ µ⇔ δ(x) = min{λ(x), µ(x)},
(v) η = λc ⇔ η(x) = 1− λ(x).
For a family {λi | i ∈ I} of fuzzy sets in X, the union ψ = ∨iλi and intersection

δ = ∧iλi are defined, respectively by:

ψ(x) = supi{λi(x) | x ∈ X} and δ(x) = inf i{λi(x) | x ∈ X}.
The fuzzy set 0X is defined as 0X(x) = 0, for all x ∈ X and the fuzzy set 1X

defined as 1X(x) = 1, for all x ∈ X.

Definition 2.2 ([2]). Let (X,T ) be any fuzzy topological space and λ be any fuzzy
set in (X,T ). The closure and interior of a fuzzy set λ in a fuzzy topological space
(X,T ) are respectively denoted as cl(λ) and int(λ) and defined, respectively as:

(i) cl(λ) = ∧{µ | λ ≤ µ, 1− µ ∈ T},
(ii) int(λ) = ∨{µ | µ ≤ λ, µ ∈ T}.

Lemma 2.3 ([1]). For a fuzzy set λ of a fuzzy space X,
(1) 1− cl(λ) = int(1− λ),
(2) 1− int(λ) = cl(1− λ).

Definition 2.4 ([15]). A fuzzy set λ in a fuzzy bitopological space (X,T1, T2) is
called a pairwise fuzzy open set, if λ ∈ Ti, (i = 1, 2).

Definition 2.5 ([15]). A fuzzy set λ in a fuzzy bitopological space (X,T1, T2) is
called a pairwise fuzzy closed set, if 1− λ ∈ Ti, (i = 1, 2).

Definition 2.6 ([15]). A fuzzy set λ in a fuzzy bitopological space (X,T1, T2) is
called a pairwise fuzzy Gδ-set, if λ = ∧∞k=1(λk), where (λk)’s are pairwise fuzzy open
sets in (X,T1, T2).

Definition 2.7 ([11]). A fuzzy set λ in a fuzzy bitopological space (X,T1, T2) is
called a pairwise fuzzy dense set, if clT1

clT2
(λ) = 1 and clT2

clT1
(λ) = 1.

572



Ganesan Thangaraj et al. /Ann. Fuzzy Math. Inform. 14 (2017), No. 6, 571–581

Definition 2.8 ([13]). A fuzzy bitopological space (X,T1, T2) is said to be a pairwise
fuzzy strongly irresolvable space, if clT1intT2(λ) = 1 = clT2intT1(λ) for each pairwise
fuzzy dense set λ in (X,T1, T2).

Definition 2.9 ([2]). Let (X,T ) and (Y, S) be any two fuzzy topological spaces and
f : (X,T )→ (Y, S) be a function. If λ is a fuzzy set in X, we define f(λ) as

f(λ)(y) =

{
sup

x∈f−1(y)

λ(x), if f−1(y) is non-empty

0, if otherwise,

for each y ∈ Y and if µ is a fuzzy set of Y , we define f−1(µ) as f−1(µ)(x) = µ(f(x)),
for each x ∈ X.

Definition 2.10 ([10]). A function f : (X,T1, T2)→ (Y, S1, S2) is said to be pairwise
fuzzy continuous (resp. pairwise fuzzy open), if f : (X,T1) → (Y, S1) and f :
(X,T2)→ (Y, S2) are fuzzy continuous (resp. fuzzy open).

Definition 2.11 ([16]). Let (X,T1, T2) and (Y, S1, S2) be any two fuzzy bitopolog-
ical spaces. A function f : (X,T1, T2) → (Y, S1, S2) is called somewhat pairwise
fuzzy continuous, if λ ∈ S1 or λ ∈ S2 and f−1(λ) 6= 0, implies there exists µ ∈ T1 or
µ ∈ T2 such that µ 6= 0 and µ ≤ f−1(λ).

Definition 2.12. [16] Let (X,T1, T2) and (Y, S1, S2) be any two fuzzy bitopological
spaces. A function f : (X,T1, T2) → (Y, S1, S2) is called somewhat pairwise fuzzy
open if λ ∈ T1 or λ ∈ T2 and λ 6= 0 implies there exists µ ∈ S1 or µ ∈ S2 such that
µ 6= 0 and µ ≤ f−1(λ). That is, intS1

f(λ) 6= 0 or intS2
f(λ) 6= 0.

Theorem 2.13 ([17]). Let X be a fuzzy topological space and λ, µ be fuzzy sets in
X. Then we have

(1) λ is fuzzy closed (resp., fuzzy open) ⇔ cl(λ) = λ (resp., int(λ) = λ),
(2) λ ≤ µ⇒ cl(λ) ≤ cl(µ) (int(λ) ≤ int(µ)),
(3) cl cl(λ) = cl(λ) (int int(λ) = int(λ)),
(4) cl(λ) ∨ cl(µ) = cl(λ ∨ µ),
(5) cl(λ) ∧ cl(µ) ≥ cl(λ ∧ µ),
(6) int(λ) ∨ int(µ) ≤ int(λ ∨ µ),
(7) int(λ) ∧ int(µ) = int(λ ∧ µ).

Lemma 2.14 ([1]). Let (X,T ) and (Y, S) be any two fuzzy topological spaces and
f : X → Y be a function and {λα} be a family of fuzzy sets of Y , then

(1) f−1(∨λα) = ∨f−1(λα),
(2) f−1(∧λα) = ∧f−1(λα).

Lemma 2.15 ([3]). Let (X,T ) and (Y, S) be any two fuzzy topological spaces and f
be a function from a set X to a set Y and let {Aj}, j ∈ J , be a family of fuzzy sets
in X. Then

(1) f(∨j∈J [Aj ]) = ∨j∈J [f(Aj)],
(2) f(∧j∈J [Aj ]) ≤ ∧j∈J [f(Aj)].

Theorem 2.16 ([18]). Let (X,T ) and (Y, S) be any two fuzzy topological spaces and
f : (X,T )→ (Y, S) be a fuzzy open function. Then, for every fuzzy set β in (Y, S),
f−1 [cl(β)] ≤ cl

[
f−1(β)

]
.
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Theorem 2.17 ([16]). Let (X,T1, T2) and (Y, S1, S2) be any two fuzzy bitopological
spaces. Let f : (X,T1, T2) → (Y, S1, S2) be any function. Then the following are
equivalent:

(1) f is somewhat pairwise fuzzy continuous,
(2) if λ is S1-fuzzy closed or S2-fuzzy closed such that f−1(λ) 6= 1, then there

exists a proper T1-fuzzy closed or T2-fuzzy closed set µ such that µ > f−1(λ),
(3) if λ is a pairwise fuzzy dense set in (X,T1, T2), then f(λ) is a pairwise fuzzy

dense set in (Y, S1, S2).

Theorem 2.18 ([16]). Suppose (X,T1, T2) and (Y, S1, S2) are any two fuzzy bitopo-
logical spaces. Let f : (X,T1, T2) → (Y, S1, S2) be a 1-1 and onto function. Then
the following conditions are equivalent:

(1) f is somewhat pairwise fuzzy open,
(1) if λ is a pairwise fuzzy dense set in (Y, S1, S2), then f−1(λ) is a pairwise fuzzy

dense set in (X,T1, T2).

Theorem 2.19 ([14]). If clT1
clT2

(λ) = 1 and clT2
clT1

(λ) = 1, for a fuzzy set λ
in a pairwise fuzzy strongly irresolvable space (X,T1, T2), then clT1(λ) = 1 and
clT2(λ) = 1 in (X,T1, T2).

Theorem 2.20 ([2]). Let (X,T ) and (Y, S) be any two fuzzy topological spaces and
f : (X,T ) → (Y, S) be a function. For fuzzy sets λ and µ of (X,T ) and (Y, S)
respectively, the following statements hold:

(1) ff−1(µ) ≤ µ,
(2) f−1f(λ) ≥ λ,
(3) f(1− λ) ≥ 1− f(λ),
(4) f−1(1− µ) = 1− f−1(µ),
(5) if f is 1-1, then f−1f(λ) = λ,
(6) if f is onto, then ff−1(µ) = µ,
(7) if f is both 1-1 and onto, then f(1− λ) = 1− f(λ).

3. Pairwise fuzzy functions, somewhat pairwise fuzzy functions and
pairwise fuzzy (weakly) Volterra spaces

Definition 3.1 ([15]). A fuzzy bitopological space (X,T1, T2) is said to be a pairwise
fuzzy Volterra space, if clTi

(
∧Nk=1 (λk)

)
= 1, where (λk)’s are pairwise fuzzy dense

and pairwise fuzzy Gδ-sets in (X,T1, T2).

Definition 3.2 ([15]). A fuzzy bitopological space (X,T1, T2) is said to be a pairwise
fuzzy weakly Volterra space, if ∧Nk=1(λk) 6= 0, where (λk)’s are pairwise fuzzy dense
and pairwise fuzzy Gδ-sets in (X,T1, T2).

Proposition 3.3. If f : (X,T1, T2) → (Y, S1, S2) is a pairwise fuzzy continuous
function from a fuzzy bitopological space (X,T1, T2) into another fuzzy bitopological
space (Y, S1, S2) and if λ is a pairwise fuzzy open set in (Y, S1, S2), then f−1(λ) is
a pairwise fuzzy open set in (X,T1, T2).

Proof. Let λ be a pairwise fuzzy open set in (Y, S1, S2). Since f is a pairwise fuzzy
continuous function, f : (X,T1) → (Y, S1) and f : (X,T2) → (Y, S2) are fuzzy
continuous functions. Since λ is a pairwise fuzzy open set in (Y, S1, S2), λ ∈ S1
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and λ ∈ S2. Since f : (X,T1) → (Y, S1) is fuzzy continuous, f−1(λ) ∈ T1 and
f : (X,T2) → (Y, S2) is fuzzy continuous, f−1(λ) ∈ T2. Then f−1(λ) is a pairwise
fuzzy open set in (X,T1, T2). �

Proposition 3.4. If f : (X,T1, T2) → (Y, S1, S2) is a pairwise fuzzy continuous
function from a fuzzy bitopological space (X,T1, T2) into another fuzzy bitopological
space (Y, S1, S2) and if λ is a pairwise fuzzy Gδ-set in (Y, S1, S2), then f−1(λ) is a
pairwise fuzzy Gδ-set in (X,T1, T2).

Proof. Let λ be a pairwise fuzzy Gδ-set in (Y, S1, S2). Then λ = ∧∞k=1(λk), where
(λk)’s are pairwise fuzzy open sets in (Y, S1, S2). Thus f−1(λ) = f−1 (∧∞k=1(λk)) =
∧∞k=1

(
f−1(λk)

)
[by Lemma 2.14]. By Proposition 3.3,

(
f−1(λk)

)
’s are pairwise

fuzzy open sets in (X,T1, T2), for the pairwise fuzzy open sets (λk)’s in (Y, S1, S2).
So f−1(λ) = ∧∞k=1

(
f−1(λk)

)
, where

(
f−1(λk)

)
’s are pairwise fuzzy open sets in

(X,T1, T2), implies that f−1(λ) is a pairwise fuzzy Gδ-set in (X,T1, T2). �

Proposition 3.5. If f : (X,T1, T2) → (Y, S1, S2) is a pairwise fuzzy open, 1-1
function from a fuzzy bitopological space (X,T1, T2) onto another fuzzy bitopological
space (Y, S1, S2) and if µ is a pairwise fuzzy Gδ-set in (X,T1, T2), then f(µ) is a
pairwise fuzzy Gδ-set in (Y, S1, S2).

Proof. Let µ be a pairwise fuzzy Gδ-set in (X,T1, T2). Then µ = ∧∞k=1(µk), where
(µk)’s are pairwise fuzzy open sets in (X,T1, T2). Since f is a pairwise fuzzy open
function, (µk)’s are pairwise fuzzy open sets in (X,T1, T2), implies that (f(µk))’s are
pairwise fuzzy open sets in (Y, S1, S2). Thus ∧∞k=1 (f(µk)) is a pairwise fuzzy Gδ-
set in (Y, S1, S2). Now f−1 (∧∞k=1 (f(µk))) = ∧∞k=1

(
f−1 (f(µk))

)
= ∧∞k=1(µk) = µ

[since f is 1-1, f−1 (f(µk)) = µk]. That is, µ = f−1 (∧∞k=1 (f(µk))). So f(µ) =
f
(
f−1 (∧∞k=1 (f(µk)))

)
= ∧∞k=1 (f(µk)) [since f is onto]. Hence f(µ) is a pairwise

fuzzy Gδ-set in (Y, S1, S2). �

Proposition 3.6. If f : (X,T1, T2) → (Y, S1, S2) is a pairwise fuzzy open function
from a fuzzy bitopological space (X,T1, T2) into another fuzzy bitopological space
(Y, S1, S2) and if λ is a pairwise fuzzy dense set in (Y, S1, S2), then f−1(λ) is a
pairwise fuzzy dense set in (X,T1, T2).

Proof. Let λ be a pairwise fuzzy dense set in the fuzzy bitopological space (Y, S1, S2).
Then clT1

clT2
(λ) = 1 and clT2

clT1
(λ) = 1. But f−1[clT1

clT2
(λ)] ≤ clT1

f−1[clT2
(λ)] ≤

clT1
clT2

[f−1(λ)] [by Theorem 2.16]. That is, f−1[clT1
clT2

(λ)] ≤ clT1
clT2

[f−1(λ)].
Thus f−1[1] ≤ clT1clT2 [f−1(λ)], implies that 1 ≤ clT1clT2 [f−1(λ)]. That is, clT1clT2

[f−1(λ)] = 1. Also, f−1[clT2clT1(λ)] ≤ clT2f
−1[clT1(λ)] ≤ clT2clT1 [f−1(λ)]. So

f−1[1] ≤ clT2
clT1

[f−1(λ)], implies that 1 ≤ clT2
clT1

[f−1(λ)]. That is, clT2
clT1

[f−1(λ)] = 1. Hence f−1(λ) is a pairwise fuzzy dense set in (X,T1, T2). �

Proposition 3.7. If f : (X,T1, T2)→ (Y, S1, S2) is a pairwise fuzzy continuous, 1-1
function from a fuzzy bitopological space (X,T1, T2) into another fuzzy bitopological
space (Y, S1, S2) and if µ is a pairwise fuzzy dense set in (X,T1, T2), then f(µ) is a
pairwise fuzzy dense set in (Y, S1, S2).

Proof. Let µ be a pairwise fuzzy dense set in (X,T1, T2). It is to be proved that f(µ)
is a pairwise fuzzy dense set in (Y, S1, S2). Assume the contrary. Suppose that f(µ)

575



Ganesan Thangaraj et al. /Ann. Fuzzy Math. Inform. 14 (2017), No. 6, 571–581

is not a pairwise fuzzy dense set in (Y, S1, S2). Then there exists a pairwise fuzzy
closed set ν in (Y, S1, S2) such that f(µ) < ν < 1. But f−1f(µ) < f−1(ν) < f−1(1).
Since f is 1-1, µ < f−1(ν) < f−1(1). Since f is a pairwise fuzzy continuous function
and ν is a pairwise fuzzy closed set in (Y, S1, S2), f−1(ν) is a pairwise fuzzy closed
set in (X,T1, T2). Now µ ≤ f−1(ν), implies that clT1

clT2
(µ) ≤ clT1

clT2
f−1(ν) =

clT1
f−1(ν) = f−1(ν). That is, clT1

clT2
(µ) ≤ f−1(ν) < 1. Also, clT2

clT1
(µ) ≤

clT2clT1f
−1(ν) = clT2f

−1(ν) = f−1(ν). That is, clT2clT1(µ) ≤ f−1(ν) < 1. Thus
clT1clT2(µ) 6= 1 6= clT2clT1(µ), which is a contradiction to µ being a pairwise fuzzy
dense set in (X,T1, T2). So f(µ) is a pairwise fuzzy dense set in (Y, S1, S2). �

The following proposition gives conditions on f underwhich the image of a pair-
wise fuzzy Volterra space to be a pairwise fuzzy Volterra space.

Proposition 3.8. If f : (X,T1, T2)→ (Y, S1, S2) is a pairwise fuzzy continuous, 1-
1, pairwise fuzzy open function from a pairwise fuzzy Volterra space (X,T1, T2) onto
a pairwise fuzzy strongly irresolvable space (Y, S1, S2), then (Y, S1, S2) is a pairwise
fuzzy Volterra space.

Proof. Let (λk)’s (k = 1 to N) be pairwise fuzzy dense and pairwise fuzzy Gδ-
sets in (Y, S1, S2). Since f is a pairwise fuzzy continuous function and (λk)’s are
pairwise fuzzy Gδ-sets in (Y, S1, S2), by Proposition 3.4,

(
f−1(λk)

)
’s are pairwise

fuzzy Gδ-sets in (X,T1, T2). Since f is a pairwise fuzzy open function and (λk)’s are
pairwise fuzzy dense sets in (Y, S1, S2), by Proposition 3.6,

(
f−1(λk)

)
’s are pairwise

fuzzy dense sets in (X,T1, T2). Then
(
f−1(λk)

)
’s are pairwise fuzzy dense and

pairwise fuzzy Gδ-sets in (X,T1, T2). Since (X,T1, T2) is a pairwise fuzzy Volterra
space, clTi

(
∧Nk=1

(
f−1(λk)

))
= 1, (i = 1, 2) where

(
f−1(λk)

)
’s are pairwise fuzzy

dense and pairwise fuzzy Gδ-sets in (X,T1, T2). By Lemma 2.14, ∧Nk=1

(
f−1(λk)

)
= f−1

(
∧Nk=1(λk)

)
and thus clTi

(
f−1

(
∧Nk=1(λk)

))
= 1.

Now clT1clT2

(
f−1

(
∧Nk=1(λk)

))
= clT1(1) = 1. Also, clT2clT1

(
f−1

(
∧Nk=1(λk)

))
= clT2

(1) = 1. That is, clT1
clT2

(
f−1

(
∧Nk=1(λk)

))
= 1 = clT2

clT1

(
f−1

(
∧Nk=1(λk)

))
.

Thus f−1
(
∧Nk=1(λk)

)
is a pairwise fuzzy dense set in (X,T1, T2). Since f is a pairwise

fuzzy continuous and 1-1 function, by Proposition 3.7, f
(
f−1

(
∧Nk=1(λk)

))
is a pair-

wise fuzzy dense set in (Y, S1, S2). Since f is onto, f
(
f−1

(
∧Nk=1(λk)

))
= ∧Nk=1(λk).

So ∧Nk=1(λk) is a pairwise fuzzy dense set in (Y, S1, S2). Hence clS1clS2

(
∧Nk=1(λk)

)
=

1 = clS2
clS1

(
∧Nk=1(λk)

)
. Since (Y, S1, S2) is a pairwise fuzzy strongly irresolvable

space, by Theorem 2.19, for the pairwise fuzzy dense set ∧Nk=1(λk), clSi

(
∧Nk=1(λk)

)
=

1, (i = 1, 2), where (λk)’s are pairwise fuzzy dense and pairwise fuzzy Gδ-sets in
(Y, S1, S2). Therefore (Y, S1, S2) is a pairwise fuzzy Volterra space. �

The following proposition gives conditions on f underwhich the image of a pair-
wise fuzzy weakly Volterra space to be a pairwise fuzzy weakly Volterra space.

Proposition 3.9. If f : (X,T1, T2)→ (Y, S1, S2) is a pairwise fuzzy continuous, 1-1,
pairwise fuzzy open function from a pairwise fuzzy weakly Volterra space (X,T1, T2)
onto a fuzzy bitopological space (Y, S1, S2), then (Y, S1, S2) is a pairwise fuzzy weakly
Volterra space.

Proof. Let (λk)’s (k = 1 to N) be pairwise fuzzy dense and pairwise fuzzy Gδ-
sets in (Y, S1, S2). Since f is a pairwise fuzzy continuous function and (λk)’s are
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pairwise fuzzy Gδ-sets in (Y, S1, S2), by Proposition 3.4,
(
f−1(λk)

)
’s are pairwise

fuzzy Gδ-sets in (X,T1, T2). Since f is a pairwise fuzzy open function and (λk)’s
are pairwise fuzzy dense sets in (Y, S1, S2), by Proposition 3.6,

(
f−1(λk)

)
’s are pair-

wise fuzzy dense sets in (X,T1, T2). Then
(
f−1(λk)

)
’s are pairwise fuzzy dense and

pairwise fuzzy Gδ-sets in (X,T1, T2). Since (X,T1, T2) is a pairwise fuzzy weakly
Volterra space, ∧Nk=1

(
f−1(λk)

)
6= 0, where

(
f−1(λk)

)
’s are pairwise fuzzy dense

and pairwise fuzzy Gδ-sets in (X,T1, T2). By Lemma 2.14, ∧Nk=1

(
f−1(λk)

)
=

f−1
(
∧Nk=1(λk)

)
. Thus f−1

(
∧Nk=1(λk)

)
6= 0. So f

(
f−1

(
∧Nk=1(λk)

))
6= f(0) = 0.

That is, f
(
f−1

(
∧Nk=1(λk)

))
6= 0........(1). Since f is onto, f

(
f−1

(
∧Nk=1(λk)

))
=

∧Nk=1(λk). From (1), ∧Nk=1(λk) 6= 0. Hence ∧Nk=1(λk) 6= 0, where (λk)’s are pairwise
fuzzy dense and pairwise fuzzy Gδ-sets in (Y, S1, S2), implies that (Y, S1, S2) is a
pairwise fuzzy weakly Volterra space. �

Proposition 3.10. If f : (X,T1, T2) → (Y, S1, S2) is a pairwise fuzzy contin-
uous, 1-1 and somewhat pairwise fuzzy open function from a fuzzy bitopological
space (X,T1, T2) onto a pairwise fuzzy strongly irresolvable space (Y, S1, S2), then
(X,T1, T2) is a pairwise fuzzy Volterra space if and only if (Y, S1, S2) is a pairwise
fuzzy Volterra space.

Proof. Let (X,T1, T2) be a pairwise fuzzy Volterra space and (λk)’s (k = 1 to N) be
pairwise fuzzy dense and pairwise fuzzy Gδ-sets in (Y, S1, S2). Since f is a pairwise
fuzzy continuous function and (λk)’s are pairwise fuzzy Gδ-sets in (Y, S1, S2), by
Proposition 3.4,

(
f−1(λk)

)
’s are pairwise fuzzy Gδ-sets in (X,T1, T2). Since f is a

somewhat pairwise fuzzy open function and (λk)’s are pairwise fuzzy dense sets in
(Y, S1, S2), by Theorem 2.18,

(
f−1(λk)

)
’s are pairwise fuzzy dense sets in (X,T1, T2).

Then
(
f−1(λk)

)
’s are pairwise fuzzy dense and pairwise fuzzy Gδ-sets in (X,T1, T2).

Since (X,T1, T2) is a pairwise fuzzy Volterra space, clTi

(
∧Nk=1

(
f−1(λk)

))
= 1,

(i = 1, 2) where
(
f−1(λk)

)
’s are pairwise fuzzy dense and pairwise fuzzy Gδ-sets

in (X,T1, T2). Thus, by Lemma 2.14, clTi

(
f−1

(
∧Nk=1(λk)

))
= 1.

Now clT1clT2

(
f−1

(
∧Nk=1(λk)

))
= clT1(1) = 1. Also, clT2clT1

(
f−1

(
∧Nk=1(λk)

))
=

clT2
(1) = 1. That is, clT1

clT2

(
f−1

(
∧Nk=1(λk)

))
= 1 = clT2

clT1

(
f−1

(
∧Nk=1(λk)

))
.

So f−1
(
∧Nk=1(λk)

)
is a pairwise fuzzy dense set in (X,T1, T2). Since f is a pair-

wise fuzzy continuous and 1-1 function, by Proposition 3.7, f
(
f−1

(
∧Nk=1(λk)

))
is

a pairwise fuzzy dense set in (Y, S1, S2). Since f is onto, f
(
f−1

(
∧Nk=1(λk)

))
=

∧Nk=1(λk) and hence ∧Nk=1(λk) is a pairwise fuzzy dense set in (Y, S1, S2). Hence
clS1

clS2

(
∧Nk=1(λk)

)
= 1 = clS2

clS1

(
∧Nk=1(λk)

)
. Since (Y, S1, S2) is a pairwise fuzzy

strongly irresolvable space, by Theorem 2.19, for the pairwise fuzzy dense set ∧Nk=1(λk),
clSi

(
∧Nk=1(λk)

)
= 1, (i = 1, 2), where (λk)’s are pairwise fuzzy dense and pairwise

fuzzy Gδ-sets in (Y, S1, S2). Therefore (Y, S1, S2) is a pairwise fuzzy Volterra space.
Conversely, let (Y, S1, S2) be a pairwise fuzzy Volterra space and (λk)’s (k =

1 to N) be pairwise fuzzy dense and pairwise fuzzy Gδ-sets in (Y, S1, S2). Since
f is a pairwise fuzzy continuous function and (λk)’s are pairwise fuzzy Gδ-sets in
(Y, S1, S2), by Proposition 3.4,

(
f−1(λk)

)
’s are pairwise fuzzy Gδ-sets in (X,T1, T2).

Since f is a somewhat pairwise fuzzy open function and (λk)’s are pairwise fuzzy
dense sets in (Y, S1, S2), by Theorem 2.18,

(
f−1(λk)

)
’s are pairwise fuzzy dense

sets in (X,T1, T2). Then
(
f−1(λk)

)
’s are pairwise fuzzy dense and pairwise fuzzy

577



Ganesan Thangaraj et al. /Ann. Fuzzy Math. Inform. 14 (2017), No. 6, 571–581

Gδ-sets in (X,T1, T2). It has to be proved that clTi

(
∧Nk=1

(
f−1(λk)

))
= 1, (i =

1, 2). Assume the contrary. Suppose that clTi

(
∧Nk=1

(
f−1(λk)

))
6= 1. Then, 1 −

clTi

(
∧Nk=1

(
f−1(λk)

))
6= 0. This implies that intTi

(
∨Nk=1

(
1− f−1(λk)

))
6= 0. That

is, intTi

(
∨Nk=1

(
f−1(1− λk)

))
6= 0. Then there will be a non-zero pairwise fuzzy

open set µk in (X,T1, T2) such that µk ≤ ∨Nk=1

(
f−1(1− λk)

)
. This implies that

f (µk) ≤ f
(
∨Nk=1

(
f−1(1− λk)

))
= ∨Nk=1

(
ff−1(1− λk)

)
[by Lemma 2.15]. Thus

f (µk) ≤ ∨Nk=1

(
ff−1(1− λk)

)
. Since f is onto, ff−1(1− λk) = 1− λk. So f (µk) ≤

∨Nk=1 (1− λk) = 1− ∧Nk=1 (λk). That is, f (µk) ≤ 1− ∧Nk=1 (λk).
Now intSi

(f(µk)) ≤ intSi

(
1− ∧Nk=1(λk)

)
= 1 − clSi

(
∧Nk=1(λk)

)
= 1 − 1 = 0

[since (Y, S1, S2) is a pairwise fuzzy Volterra space, clSi

(
∧Nk=1(λk)

)
= 1, (i =

1, 2) and by Theorem 2.13 and Lemma 2.3]. Hence, intSi
(f(µk)) ≤ 0. That is,

intSi
(f(µk)) = 0, (i = 1, 2), a contradiction to f being a somewhat pairwise fuzzy

open function in which intS1
(f(µk)) 6= 0 or intS2

(f(µk)) 6= 0. Therefore, it must
be clTi

(
∧Nk=1

(
f−1(λk)

))
= 1, (i = 1, 2). Therefore clTi

(
∧Nk=1

(
f−1(λk)

))
= 1,

(i = 1, 2), where
(
f−1(λk)

)
’s are pairwise fuzzy dense and pairwise fuzzy Gδ-sets in

(X,T1, T2), implies that (X,T1, T2) is a pairwise fuzzy Volterra space. �

Proposition 3.11. If f : (X,T1, T2) → (Y, S1, S2) is a somewhat pairwise fuzzy
continuous, 1-1 and pairwise fuzzy open function from a fuzzy bitopological space
(X,T1, T2) onto another fuzzy bitopological space (Y, S1, S2), then (X,T1, T2) is a
pairwise fuzzy Volterra space if and only if (Y, S1, S2) is a pairwise fuzzy Volterra
space.

Proof. Let (X,T1, T2) be a pairwise fuzzy Volterra space and (λk)’s (k = 1 to N)
be pairwise fuzzy dense and pairwise fuzzy Gδ-sets in (X,T1, T2). Since f is a
pairwise fuzzy open function and (λk)’s are pairwise fuzzy Gδ-sets in (X,T1, T2),
by Proposition 3.5, (f(λk))’s are pairwise fuzzy Gδ-sets in (Y, S1, S2). Since f is a
somewhat pairwise fuzzy continuous function and (λk)’s are pairwise fuzzy dense sets
in (X,T1, T2), by Theorem 2.17, (f(λk))’s are pairwise fuzzy dense sets in (Y, S1, S2).
Then (f(λk))’s are pairwise fuzzy dense and pairwise fuzzy Gδ-sets in (Y, S1, S2).

Now it has to be proved that clSi

(
∧Nk=1 (f(λk))

)
= 1, (i = 1, 2). Assume the

contrary. Suppose that clSi

(
∧Nk=1 (f(λk))

)
6= 1. Then 1 − clSi

(
∧Nk=1 (f(λk))

)
6= 0,

implies that intSi

(
1− ∧Nk=1 (f(λk))

)
= intSi

(
∨Nk=1 (1− f(λk))

)
6= 0 [by Lemma

2.3]. Since f is a 1-1 and onto function, 1 − f(λk) = f(1 − λk) [by Theorem
2.20]. Thus intSi

(
∨Nk=1 (f(1− λk))

)
6= 0. So there will be a non-zero pairwise

fuzzy open set µk in (Y, S1, S2) such that µk ≤ ∨Nk=1 (f(1− λk)). This implies
that f−1 (µk) ≤ f−1

(
∨Nk=1 (f(1− λk))

)
= ∨Nk=1

(
f−1 (f(1− λk))

)
[by Lemma 2.14].

Then f−1 (µk) ≤ ∨Nk=1

(
f−1 (f(1− λk))

)
. Since f is 1-1, f−1 (f(1− λk)) = (1− λk)

and thus f−1 (µk) ≤ ∨Nk=1(1 − λk). So intTi

(
f−1 (µk)

)
≤ intTi

(
∨Nk=1(1− λk)

)
[by

Theorem 2.13]. Since f is a somewhat pairwise fuzzy continuous function and µk ∈
Si, (i = 1, 2), intTi

(
f−1 (µk)

)
6= 0. Hence intTi

(
∨Nk=1(1− λk)

)
6= 0. This implies

that intTi

(
1− ∧Nk=1(λk)

)
= 1 − clTi

(
∧Nk=1(λk)

)
6= 0 [by Lemma 2.3]. Therefore

clTi

(
∧Nk=1(λk)

)
6= 1, a contradiction [since (X,T1, T2) being a pairwise fuzzy Volterra

space, clTi

(
∧Nk=1(λk)

)
= 1]. Hence, it must be clSi

(
∧Nk=1 (f(λk))

)
= 1. Therefore

clSi

(
∧Nk=1 (f(λk))

)
= 1, (i = 1, 2), where (f(λk))’s are pairwise fuzzy dense and
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pairwise fuzzy Gδ-sets in (Y, S1, S2), implies that (Y, S1, S2) is a pairwise fuzzy
Volterra space.

Conversely, let (Y, S1, S2) be a pairwise fuzzy Volterra space and (λk)’s (k =
1 to N) be pairwise fuzzy dense and pairwise fuzzy Gδ-sets in (X,T1, T2). Since f is
a pairwise fuzzy open function and (λk)’s are pairwise fuzzy Gδ-sets in (X,T1, T2),
by Proposition 3.5, (f(λk))’s are pairwise fuzzy Gδ-sets in (Y, S1, S2). Since f is a
somewhat pairwise fuzzy continuous function and (λk)’s are pairwise fuzzy dense sets
in (X,T1, T2), by Theorem 2.17, (f(λk))’s are pairwise fuzzy dense sets in (Y, S1, S2).
Then (f(λk))’s are pairwise fuzzy dense and pairwise fuzzy Gδ-sets in (Y, S1, S2).

It has to be proved that clTi

(
∧Nk=1(λk)

)
= 1, (i = 1, 2), where (λk)’s are pair-

wise fuzzy dense and pairwise fuzzy Gδ-sets in (X,T1, T2). Assume the contrary.
Suppose that clTi

(
∧Nk=1(λk)

)
6= 1. Then 1 − clTi

(
∧Nk=1(λk)

)
6= 0, implies that

intTi

(
1− ∧Nk=1(λk)

)
= intTi

(
∨Nk=1(1− λk)

)
6= 0 [by Lemma 2.3]. Thus there will

be a non-zero pairwise fuzzy open set µk in (X,T1, T2) such that µk ≤ ∨Nk=1(1−λk).
This implies that f (µk) ≤ f

(
∨Nk=1(1− λk)

)
= ∨Nk=1 (f(1− λk)) [by Lemma 2.15].

Then f (µk) ≤ ∨Nk=1 (f(1− λk)). Since f is a 1-1 and onto function, f(1 − λk) =
1 − f(λk) [by Theorem 2.20]. Thus f (µk) ≤ ∨Nk=1 (1− f(λk)) = 1 − ∧Nk=1 (f(λk)).
That is, f (µk) ≤ 1 − ∧Nk=1 (f(λk)). Now intSi

(f(µk)) ≤ intSi

(
1− ∧Nk=1 ((λk))

)
=

1− clSi

(
∧Nk=1(λk)

)
= 1− 1 = 0, [since (Y, S1, S2) is a pairwise fuzzy Volterra space,

clSi

(
∧Nk=1(λk)

)
= 1, (i = 1, 2) and by Theorem 2.13 and Lemma 2.3]. This im-

plies that intSi (f(µk)) ≤ 0. So intSi (f(µk)) = 0, (i = 1, 2), a contradiction [since
µk ∈ Ti, (i = 1, 2) and f is a pairwise fuzzy open function, implies that f(µk) ∈ Si
and thus intSi

(f(µk)) = f(µk), (i = 1, 2)]. Hence, it must be clTi

(
∧Nk=1(λk)

)
= 1.

Therefore clTi

(
∧Nk=1(λk)

)
= 1, (i = 1, 2), where (λk)’s are pairwise fuzzy dense

and pairwise fuzzy Gδ-sets in (X,T1, T2), implies that (X,T1, T2) is a pairwise fuzzy
Volterra space. �

Proposition 3.12. Let (X,T1, T2) and (Y, S1, S2) be any two fuzzy bitopological
spaces and f : (X,T1, T2) → (Y, S1, S2) be a pairwise fuzzy continuous, 1-1 and
somewhat pairwise fuzzy open function. If (X,T1, T2) is a pairwise fuzzy weakly
Volterra space, then (Y, S1, S2) is a pairwise fuzzy weakly Volterra space.

Proof. Let (X,T1, T2) be a pairwise fuzzy weakly Volterra space and (λk)’s (k =
1 to N) be pairwise fuzzy dense and pairwise fuzzy Gδ-sets in (Y, S1, S2). Since
f is a pairwise fuzzy continuous function and (λk)’s are pairwise fuzzy Gδ-sets in
(Y, S1, S2), by Proposition 3.4,

(
f−1(λk)

)
’s are pairwise fuzzy Gδ-sets in (X,T1, T2).

Since f is a somewhat pairwise fuzzy open function and (λk)’s are pairwise fuzzy
dense sets in (Y, S1, S2), by Theorem 2.18,

(
f−1(λk)

)
’s are pairwise fuzzy dense

sets in (X,T1, T2). Then
(
f−1(λk)

)
’s are pairwise fuzzy dense and pairwise fuzzy

Gδ-sets in (X,T1, T2). Since (X,T1, T2) is a pairwise fuzzy weakly Volterra space,
∧Nk=1

(
f−1(λk)

)
6= 0, where

(
f−1(λk)

)
’s are pairwise fuzzy dense and pairwise fuzzy

Gδ-sets in (X,T1, T2). By Lemma 2.14, ∧Nk=1

(
f−1(λk)

)
= f−1

(
∧Nk=1(λk)

)
. Thus

f−1
(
∧Nk=1(λk)

)
6= 0. Now f

(
f−1

(
∧Nk=1(λk)

))
6= f(0) = 0. That is, f

(
f−1

(
∧Nk=1(λk)

))
6=

0......(A). Since f is onto, f
(
f−1

(
∧Nk=1(λk)

))
= ∧Nk=1(λk). From (A), ∧Nk=1(λk) 6= 0.

So ∧Nk=1(λk) 6= 0, where (λk)’s are pairwise fuzzy dense and pairwise fuzzy Gδ-sets
in (Y, S1, S2), implies that (Y, S1, S2) is a pairwise fuzzy weakly Volterra space. �
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Proposition 3.13. If f : (X,T1, T2) → (Y, S1, S2) is a somewhat pairwise fuzzy
continuous, 1-1 and pairwise fuzzy open function from a fuzzy bitopological space
(X,T1, T2) onto another fuzzy bitopological space (Y, S1, S2), then (X,T1, T2) is a
pairwise fuzzy weakly Volterra space if and only if (Y, S1, S2) is a pairwise fuzzy
weakly Volterra space.

Proof. Let (X,T1, T2) be a pairwise fuzzy weakly Volterra space and (λk)’s (k =
1 to N) be pairwise fuzzy dense and pairwise fuzzy Gδ-sets in (X,T1, T2). Then,
∧Nk=1(λk) 6= 0 ......(A). Since f is a pairwise fuzzy open function and (λk)’s are
pairwise fuzzy Gδ-sets in (X,T1, T2), by Proposition 3.5, (f(λk))’s are pairwise fuzzy
Gδ-sets in (Y, S1, S2). Since f is a somewhat pairwise fuzzy continuous function and
(λk)’s are pairwise fuzzy dense sets in (X,T1, T2), by Theorem 2.17, (f(λk))’s are
pairwise fuzzy dense sets in (Y, S1, S2). Then (f(λk))’s are pairwise fuzzy dense and
pairwise fuzzy Gδ-sets in (Y, S1, S2).

Now it has to be proved that ∧Nk=1 (f(λk)) 6= 0. Assume the contrary. Suppose
that ∧Nk=1 (f(λk)) = 0. Then f−1

(
∧Nk=1 (f(λk))

)
= f−1(0) = 0. But by Lemma

2.14, f−1
(
∧Nk=1 (f(λk))

)
= ∧Nk=1

(
f−1 (f(λk))

)
. That is, ∧Nk=1

(
f−1 (f(λk))

)
= 0.

Since f is a 1-1 function, f−1f(λk) = λk and thus ∧Nk=1(λk) = 0, a contradic-
tion [since (X,T1, T2) being a pairwise fuzzy weakly Volterra space, ∧Nk=1(λk) 6= 0
from (A)]. So ∧Nk=1 (f(λk)) 6= 0, where (f(λk))’s are pairwise fuzzy dense and pair-
wise fuzzy Gδ-sets in (Y, S1, S2), implies that (Y, S1, S2) is a pairwise fuzzy weakly
Volterra space.

Conversely, let (Y, S1, S2) be a pairwise fuzzy weakly Volterra space and (λk)’s
(k = 1 to N) be pairwise fuzzy dense and pairwise fuzzy Gδ-sets in (X,T1, T2).
Since f is a pairwise fuzzy open function and (λk)’s are pairwise fuzzy Gδ-sets in
(X,T1, T2), by Proposition 3.5, (f(λk))’s are pairwise fuzzy Gδ-sets in (Y, S1, S2).
Since f is a somewhat pairwise fuzzy continuous function and (λk)’s are pairwise
fuzzy dense sets in (X,T1, T2), by Theorem 2.17, (f(λk))’s are pairwise fuzzy dense
sets in (Y, S1, S2). Then (f(λk))’s are pairwise fuzzy dense and pairwise fuzzy
Gδ-sets in (Y, S1, S2). Since (Y, S1, S2) is a pairwise fuzzy weakly Volterra space,
∧Nk=1 (f(λk)) 6= 0, where (f(λk))’s are pairwise fuzzy dense and pairwise fuzzy Gδ-
sets in (Y, S1, S2). Thus f−1

(
∧Nk=1 (f(λk))

)
6= f−1(0) = 0. But f−1

(
∧Nk=1 (f(λk))

)
= ∧Nk=1

(
f−1 (f(λk))

)
[by lemma 2.14]. That is, ∧Nk=1

(
f−1 (f(λk))

)
6= 0. Since f

is a 1-1 function, f−1f(λk) = λk. So ∧Nk=1(λk) 6= 0. Hence, ∧Nk=1(λk) 6= 0, where
(λk)’s are pairwise fuzzy dense and pairwise fuzzy Gδ-sets in (X,T1, T2), implies
that (X,T1, T2) is a pairwise fuzzy weakly Volterra space. �

4. Conclusions

In this paper, the results concerning pairwise fuzzy functions such as pairwise
fuzzy continuous, somewhat pairwise fuzzy continuous, pairwise fuzzy open and
somewhat pairwise fuzzy open functions that preserves pairwise fuzzy Volterraness,
pairwise fuzzy weakly Volterraness in the context of images and pre-images in fuzzy
bitopological spaces are obtained.
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