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1. Intoduction

In 1974 theory of fuzzy measures and fuzzy integrals was introduced by M.
Sugeno in his Ph.D. thesis [11]. In [12, 13, 14], Hadamard inequalities for convex
function is given. Since then many authors have worked on fuzzy integrals inequal-
ities [2, 3, 4, 7, 8, 9, 10].

Motivated from the above results in this paper we present Hermite-Hadamard
type inequality for r1-convex function and r2-convex function using Sugeno integrals.

2. Preliminaries

Now we give some basic definitions and properties of the fuzzy integral given
in [11, 16]. Suppose that ℘ is a σ-algebra of subsets of X and µ : ℘ −→ [0,∞) be a
non-negative, extended real valued set function. We say that µ is a fuzzy measure,
if

(i) µ(φ) = 0,
(ii) E,F ∈ ℘ and E ⊂ F imply µ(E) ≤ µ(F ),
(iii) {En} ⊂ ℘,E1 ⊂ E2 ⊂ ..., imply limn−→∞ µ(En) = µ(

⋃∞
n=1En),

(iv) {En} ⊂ ℘, E1 ⊃ E2 ⊃ ..., µ(E1) <∞, imply limn−→∞ µ(En) = µ(
⋂∞
n=1En).



Deepak B. Pachpatte et al. /Ann. Fuzzy Math. Inform. 14 (2017), No. 6, 613–620

If f is non-negative real-valued function defined on X, we denote the set {x ∈
X : f(x) ≥ α} = {x ∈ X : f ≥ α} by Fα for α ≥ 0, where if α ≤ β, then Fβ ⊂ Fα.

Let (X,℘, µ) be a fuzzy measure space, we denote M+ the set of all non-negative
measurable functions with respect to ℘.

Definition 2.1 ([11], Sugeno). Let (X,℘, µ) be a fuzzy measure space, f ∈ M+

and A ∈ ℘, the Sugeno integral (or fuzzy integral) of f on A, with respect to the
fuzzy measure µ, is defined as:

(2.1) (s)

∫
A

fdµ =
∨
α≥0

[α ∧ µ(A ∩ Fα)],

when A = X,

(2.2) (s)

∫
X

fdµ =
∨
α≥0

[α ∧ µ(Fα)],

where
∨

and ∧ denote the operations sup and inf on [0,∞), respectively.

Some of the properties of fuzzy integral are as follows.

Proposition 2.2 ([15]). Let (X,℘, µ) be fuzzy measure space, A,B ∈ ℘ and f, g ∈
M+ then

(1) (s)
∫
A
fdµ ≤ µ(A);

(2) (s)
∫
A
kdµ = k ∧ µ(A), k for non-negative constant,

(3) (s)
∫
A
fdµ ≤ (s)

∫
A
gdµ, for f ≤ g,

(4) µ(A ∩ {f ≥ α}) ≥ α =⇒ (s)
∫
A
fdµ ≥ α,

(5) µ(A ∩ {f ≥ α}) ≤ α =⇒ (s)
∫
A
fdµ ≤ α,

(6) (s)
∫
A
fdµ > α⇐⇒ there exists γ > α such that µ(A ∩ {f ≥ γ}) > α,

(7) (s)
∫
A
fdµ < α⇐⇒ there exists γ < α such that µ(A ∩ {f ≥ γ}) < α.

Consider the distribution function F associated to f on A, that is, F (α) = µ(A∩{f ≥
α}). Then from (4) and (5) of Proposition 2.2, we have F (α) = α =⇒ (s)

∫
A
fdµ =

α. Fuzzy integral can be obtained by solving the equation F (α) = α.

Definition 2.3 ([1]). a positive function f is called r-convex on [a, b], if for each
x, y ∈ [a, b] and t ∈ [0, 1],

(2.3) f(tx+ (1− t)y) ≤

{
[tfr(x) + (1− t)fr(y)]

1
r , r 6= 0,

[f(x)]t[f(y)]1−t, r = 0.

It is obvious 0-convex functions are simply log-convex functions and 1-convex func-
tions are ordinary convex functions. Note that if f is r-convex [a, b], then fr is a
convex function (r > 0).

3. Main Results

The Hermite-Hadamard type inequality for r-convex function and s-convex
function obtained in [5].
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Theorem 3.1. Let f, g : [a, b] −→ (0,∞) be r-convex and s-convex function respec-
tively on [a, b] and r, s > 0. Then the following inequality holds

1

b− a

∫ b

a

f(x)g(x)dx ≤ 1

2

(
r

r + 2

)
fr+2(b)− fr+2(a)

fr(b)− fr(a)

+
1

2

(
s

s+ 2

)
gs+2(b)− gs+2(a)

gs(b)− gs(a)
,(3.1)

f(a) 6= f(b), g(a) 6= g(b).

Now we give an example.

Example 3.2. Consider X = [0, 1] and let µ be the Lebesgue measure on X. If we

take r = s = 7
8 -convex functions, f(x) = x2

2 and g(x) = x2

2 on [0, 1], we have f and
g are r-convex and s-convex functions respectively, from simple calculation we get

(3.2) (s)

∫ 1

0

x4

4
dµ = 0.1380,

and the other hand

1

2

(
r

r + 2

)
fr+2(b)− fr+2(a)

fr(b)− fr(a)
+

1

2

(
s

s+ 2

)
gs+2(b)− gs+2(a)

gs(b)− gs(a)
= 0.076.

This proves that the inequality (3.1) is not satisfied for Sugeno integral.
Now we give Hermite-Hadamard type inequality for Sugeno integral using r1-

convex and r2-convex functions.

Theorem 3.3. Let f, g : [0, 1] −→ [0,∞) be the r1-convex and r2-convex functions
respectively. Let r1, r2 > 0 and µ be the Lebesgue measure on R with f(0) 6= f(1)
and g(0) 6= g(1).

Case 1. If f(1) > f(0) and g(1) > g(0), then

(3.3) (s)

∫ 1

0

fgdµ ≤ min{β, 1},

where β is given by

1−
(

βr2 − gr2(0)

gr2(1)− gr2(0)

)
−
(

βr1 − fr1(0)

fr1(1)− fr1(0)

)
+

(
βr1 − fr1(0)

fr1(1)− fr1(0)

)
.

(
βr2 − gr2(0)

gr2(1)− gr2(0)

)
= β.

(3.4)

Case 2. If f(0) > f(1) and g(0) > g(1), then

(3.5) (s)

∫ 1

0

fgdµ ≤ min{β, 1},

where β is satisfying the following equation

β(fr1(1)− fr1(0))(gr2(1)− gr2(0))− (βr1 − fr1(0))(βr2 − gr2(0)) = 0.(3.6)
615
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Proof. Since f and g are r1-convex and r2-convex function respectively, we have

f(x) =f(x.1 + (1− x).0)

≤[x.fr1(1) + (1− x)fr1(0)]1/r1 = h1(x),

g(x) =g(x.1 + (1− x).0)

≤[x.gr2(1) + (1− x)gr2(0)]1/r2 = h2(x).

Then from Proposition 2.2, we have

(s)

∫ 1

0

fgdµ =(s)

∫ 1

0

f(x.1 + (1− x).0).g(x.1 + (1− x).0)dµ

≤(s)

∫ 1

0

[x.fr1(1) + (1− x)fr1(0)]1/r1 .[x.gr2(1) + (1− x)gr2(0)]1/r2dµ

=(s)

∫ 1

0

h1(x)h2(x)dµ.(3.7)

Now to obtain right hand side of (3.7), we consider the distribution function F
given by:

F (β) =µ([0, 1] ∩ {x|h1(x)h2(x) ≥ β})
=µ([0, 1] ∩ {x|h1(x) ≥ β}).µ([0, 1] ∩ {x|h2(x) ≥ β})

=(µ([0, 1] ∩ {x|[x.fr1(1) + (1− x)fr1(0)]1/r1 ≥ β}))

× (µ([0, 1] ∩ {x|[x.gr2(1) + (1− x)gr2(0)]1/r2 ≥ β})).(3.8)

Case 1. If f(1) > f(0) and g(1) > g(0), then from (3.8), we have

F (β) =µ

(
[0, 1] ∩

{
x|x ≥ βr1 − fr1(0)

fr1(1)− fr1(0)

})
.µ

(
[0, 1] ∩

{
x|x ≥ βr2 − gr2(0)

gr2(1)− gr2(0)

})
=µ

(
βr1 − fr1(0)

fr1(1)− fr1(0)
, 1

)
.µ

(
βr2 − gr2(0)

gr2(1)− gr2(0)
, 1

)

=

(
1−

(
βr1 − fr1(0)

fr1(1)− fr1(0)

))
.

(
1−

(
βr2 − gr2(0)

gr2(1)− gr2(0)

))(3.9)

and solution of (3.9) is F (β) = β given in (3.4). From Proposition 2.2, we have

(s)

∫ 1

0

fgdµ ≤ min{β, 1}.

Case 2. If f(0) > f(1) and g(0) > g(1), then from (3.8), we have

F (β) =µ

(
[0, 1] ∩

{
x|x ≤ βr1 − fr1(0)

fr1(1)− fr1(0)

})
.µ

(
[0, 1] ∩

{
x|x ≤ βr2 − gr2(0)

gr2(1)− gr2(0)

})
=µ

(
0,

βr1 − fr1(0)

fr1(1)− fr1(0)

)
.µ

(
0,

βr2 − gr2(0)

gr2(1)− gr2(0)

)

=

(
βr1 − fr1(0)

fr1(1)− fr1(0)

)
.

(
βr2 − gr2(0)

gr2(1)− gr2(0)

)(3.10)
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and solution of (3.10) is F (β) = β, given in (3.6). From Proposition 2.2, we have

(s)

∫ 1

0

fgdµ ≤ min{β, 1}.

�

Remark 3.4. In case if we put f(0) = f(1) and g(0) = g(1) in Theorem 3.3 then

(s)

∫ 1

0

f(x)g(x)dµ ≤ (s)

∫ 1

0

f(0)g(0)dµ = f(0)g(0) ∧ 1.

Example 3.5. Consider X = [0, 1] and let µ be the Lebesgue measure on X. If we

take f(x) = x3

3 and g(x) = x3

3 then f(x), g(x) are r1 = r2 = 7
8 -convex function then

from Theorem 3.3 we have

(3.11) 0.0712 = (s)

∫ 1

0

x6

9
dµ ≤ min{0.1781, 1} = 0.1781.

Now we give the following theorem which is general case of Theorem 3.3.

Theorem 3.6. Let r1, r2 > 0 and let µ be the Lebesgue measure on R. Let f, g :
[a, b] −→ [0,∞) be r1-convex and r2-convex function with f(a) 6= f(b) and g(a) 6=
g(b).

Case 1. If f(b) > f(a) and g(b) > g(a), then

(s)

∫ b

a

fgdµ ≤ min{β, b− a},

where β is given by:

(b− a)2 − (b− a)2
(

βr2 − gr2(a)

gr2(b)− gr2(a)

)
− (b− a)2

(
βr1 − fr1(a)

fr1(b)− fr1(a)

)
+ (b− a)2

(
βr1 − fr1(a)

fr1(b)− fr1(a)

)(
βr2 − gr2(a)

gr2(b)− gr2(a)

)
= β.(3.12)

Case 2. If f(a) > f(b) and g(a) > g(b), then

(s)

∫ b

a

fgdµ ≤ min{β, b− a},

where β satisfies the following equation

β(fr1(b)− fr1(a))(gr2(b)− gr2(a))− (b− a)2(βr1 − fr1(a))(βr2 − gr2(a)) = 0.

(3.13)
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Proof. As f and g are r1-convex and r2-convex functions, x ∈ [a, b], we have

f(x) =f

((
1− x− a

b− a

)
.a+

x− a
b− a

.b

))
≤
[(

1− x− a
b− a

)
.fr1(a) +

x− a
b− a

fr1(b)

] 1
r1

= h1(x),

g(x) =g

((
1− x− a

b− a

)
.a+

x− a
b− a

.b

)
≤
[(

1− x− a
b− a

)
.gr2(a) +

x− a
b− a

gr2(b)

] 1
r2

= h2(x).

Hence by (3) of Proposition 2.2, we have

(s)

∫ b

a

fgdµ =(s)

∫ b

a

f

((
1− x− a

b− a

)
.a+

x− a
b− a

.b

)
.g

((
1− x− a

b− a

)
.a+

x− a
b− a

.b

)
dµ

≤(s)

∫ b

a

[(
1− x− a

b− a

)
fr1(a) +

x− a
b− a

fr1(b)

] 1
r1

.[(
1− x− a

b− a

)
gr2(a) +

x− a
b− a

gr2(b)

] 1
r2

dµ

=(s)

∫ b

a

h1(x)h2(x)dµ.

To obtain right hand side of above inequality, we consider the distribution function
F as

F (β) =µ
(
[a, b] ∩ {x|h1(x)h2(x) ≥ β}

)
=µ
(
[a, b] ∩ {x|h1(x) ≥ β}

)
.µ
(
[a, b] ∩ {x|h2(x) ≥ β}

)
=µ

(
[a, b] ∩

{
x|
[(

1− x− a
b− a

)
fr1(a) +

x− a
b− a

fr1(b)

] 1
r1

≥ β
})

.

µ

(
[a, b] ∩

{
x|
[(

1− x− a
b− a

)
gr2(a) +

x− a
b− a

gr2(b)

] 1
r2

≥ β
})

.(3.14)

Case 1. If f(b) > f(a) and g(b) > g(a), then from (3.14), we have

F (β) =µ

(
[a, b] ∩

{
x|x ≥ (b− a)

(
βr1 − fr1(a)

fr1(b)− fr1(a)

)
+ a

})
.

µ

(
[a, b] ∩

{
x|x ≥ (b− a)

(
βr2 − gr2(a)

gr2(b)− gr2(a)

)
+ a

})
=µ

(
(b− a)

(
βr1 − fr1(a)

fr1(b)− fr1(a)

)
+ a, b

)
.µ

(
(b− a)

(
βr2 − gr2(a)

gr2(b)− gr2(a)

)
+ a, b

)

=

(
(b− a)− (b− a)

(
βr1 − fr1(a)

fr1(b)− fr1(a)

))
.

(
(b− a)− (b− a)

(
βr2 − gr2(a)

gr2(b)− gr2(a)

))(3.15)
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and the solution of (3.15) is F (β) = β, given in (3.12). From (1) of Proposition 2.2,
we have

(s)

∫ 1

0

fgdµ ≤ min{β, b− a}.

Case 2. If f(a) > f(b) and g(a) > g(b), then from (3.14), we have

F (β) =µ

(
[a, b] ∩

{
x|x ≤ (b− a)

(
βr1 − fr1(a)

fr1(b)− fr1(a)

)
+ a

})
.

µ

(
[a, b] ∩

{
x|x ≤ (b− a)

(
βr2 − gr2(a)

gr2(b)− gr2(a)

)
+ a

})
=µ

(
a, (b− a)

(
βr1 − fr1(a)

fr1(b)− fr1(a)

)
+ a

)
.µ

(
a, (b− a)

(
βr2 − gr2(a)

gr2(b)− gr2(a)

)
+ a

)

=

(
(b− a)

(
βr1 − fr1(a)

fr1(b)− fr1(a)

))
.

(
(b− a)

(
βr2 − gr2(a)

gr2(b)− gr2(a)

))(3.16)

and the solution of (3.16) is F (β) = β, given in (3.13). By (1) of Proposition 2.2,
we have

(s)

∫ 1

0

fgdµ ≤ min{β, b− a}.

�

Remark 3.7. If we put f(a) = f(b) and g(a) = g(b), then from Theorem 3.6, we
have

(s)

∫ b

a

f(x)g(x)dµ ≤ (s)

∫ b

a

f(a)g(a)dµ = f(a)g(a) ∧ b− a.

References

[1] C. Pearce, J. Peccaric and V. Simic, Stolarsky means and Hadamard’s inequality, J. Math.

Anal. Appl. 220 (1998) 99–109. doi: 10.1006/jmaa.1997.5822.
[2] D. Li, Y. Cheng, X. Wang and S. Zang, Barnes-Godunova-Levin type inequalities of Sugeno

integral for an (α,m)-concave function. J. Inequ. Appl. (2015).

[3] D. Ralescu and G. Adams, The fuzzy integral, J. Math. Anal. Appl. 75 (1980) 562–570.
doi:10.1016/0022-247×(80)90101-8.

[4] D. Li, X. Song and T. Yue, Hermite-Hadamard type inequality for Sugeno integrals, Appl.

Math. Comput. 237 (2014) 632–638. doi:10.1016/j.amc.2014.03.144.
[5] G. Zabandan, Hermite-Hadamard type inequality for r-convex functions, J. Inequ. Appl. 215

(2012).
[6] H. Agahi, R. Mesiar and Y. Ouyang, General Minkowski type inequalities for Sugeno integral,

Fuzzy Sets and Systems 161 (2010) 708–715. doi.10.1016/j.fss.2009.10.007.
[7] H. Roman-Flores, A. Flores-Franulic, R. Bassanezi and M. Rojas-Medar, On the level-

continuity of fuzzy integrals, Fuzzy Sets and Systems 80 (1996) 339–344. doi: 10.1016/0165-

0114(96) 88180-2.

[8] H. Roman-Flores and Y. Chalco-Cano, H-continuity of fuzzy measure and set defuzzification,
Fuzzy Sets and Systems 157 (2006) 230–242. doi: 10.1016/j.fss.2005.06.008.

[9] H. Roman-Flores, A. Flores-Franulic and Y. Chalco-Cano, A Convolution type inequality for
fuzzy integrals, Appl. Math. Comput. 195 (2008) 94–99. doi: 10.1016/j.amc.2007.04.072.

[10] J. Caballero and K. Sadarangani, Chebyshev type inequality for Sugeno integrals, Fuzzy Sets

and Systems 161 (2010) 1480–1487. doi:10.1016/j.amc.2007.02.143.

619



Deepak B. Pachpatte et al. /Ann. Fuzzy Math. Inform. 14 (2017), No. 6, 613–620

[11] M. Sugeno, Theory of fuzzy integrals and its applications (Ph.D Thesis), Tokyo Institute of
Technology (1974).

[12] S. Qaisar and S. Hussain, On Hermite-Hadamard type inequalities for functions whose first
derivative absolute values are convex and concave, Fasciculi Mathematici, 58 (2017) 155–166.

[13] Y. Erdem, H. Ogunmez and H. Budak, Some generalized inequalities of Hermite-Hadamard

type for stongly s-convex functions, New Trends Math. Sci. 3 (2017) 22–32.
[14] Z. Sarikaya, Mehmet, Budak and Huseyin, Generalized Hermite-Hadamard type integral in-

equalities for functions whose 3rd derivatives are s-convex, Tbilist Math. J. 7 (2014) 41–49.

[15] Z. Wang and G. Klir, Fuzzy Measures Theory, Plenum press, New York 1992.
[16] Z. Wang and G. Klir, Generalized Measure Theory, Springer, New York 2008.

Deepak B. Pachpatte (pachpatte@gmail.com)
Department of Mathematics, Dr. Babasaheb Ambedkar Marathwada University,
Aurangabad-431 004 (M.S) India
Kavita U. Shinde (kansurkar14@gmail.com )
Department of Mathematics, Dr. Babasaheb Ambedkar Marathwada University,
Aurangabad-431 004 (M.S) India

620


	 Hermite-Hadamard type inequality for r1-convex function and r2-convex function using Sugeno integrals. By 
	 Hermite-Hadamard type inequality for r1-convex function and r2-convex function using Sugeno integrals. By 

